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IRREGULARITIES OF DISTRIBUTION. VIII(>)

BY

WOLFGANG M. SCHMIDT

ABSTRACT. Ii x¡, x2,... is a sequence in the unit interval 0 < x < 1 and if 5 is a

subinterval, write C(n,S) for the number of elements among x¡,..., x„ which lie in S,

minus zi times the length of 5. For a well distributed sequence, C(n,S) as a function of n

will be small. It is shown that the lengths of the intervals 5 for which C(zi, S ) (n = 1,2,...)

is bounded form at most a countable set.

1. Introduction. The present paper is independent of the preceding papers of

this series. However, the reader would be advised to first read the sixth paper [3]

of the series, which deals with a similar but rather simpler problem.

We shall be concerned with the distribution of an arbitrary given sequence

X|, x2, ... of points in the unit cube of /^-dimensional Euclidean space. This unit

cube U* consists of the points x = (xt,.. .,xk) with 0 < x, < 1 (/' = 1,.. .,k).

Let S be a measurable subset of U* of measure p(S), and write Z(n, S) for the

number of points among Xi,..., X„ which lie in S. The quantity

(1) D(n,S) = \Z(n,S) - np.(S)\

tells us how far Z(n, S) deviates from the "expected" number np(S). Put

(2) E(S) = supD(n,S),
n

and call E(S) the error of S. We shall show in the present paper that very few

boxes B with sides parallel to the coordinate axes have a finite error E(B).

By a subinterval of U1 we shall mean a single point or an open, half-open or

closed interval of positive length which is contained in U1. By a box contained in

U* we shall understand a set B = I, X • • • X 1^, where I,, • • •, lk are subintervals

of U1. Thus B consists of points x = (xu ... ,xk) with Xj e lj(j = 1,.. .,k).(2)

Write 33, for the class of sets which are unions of at most t boxes in U*.

For k > 0, let M,(k) be the set of numbers p of the type p = p(A) where

A e 33, and E(A) < k. Let M,(oo) be the set of numbers p of the type p = p(A)

with A e 33, and E(A) < oo; thus M,(oo) is the union of the sets M,(/c) with

0 < k < oo. Recall that a number y is a limit point of a set M of reals if there is

a sequence of distinct elements of M which converge to y. The derivative M M of
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M consists of all the limit points of M. The higher derivatives are defined

inductively by AfW = (M<i-|>)(,) (d = 2,3,...).

Theorem 1. Suppose d > 8k > 0. Then (M,(k))w is empty.

Since a set M having M(<i) empty for some d is nowhere dense and is at most

countable, we obtain the

Corollary. Each set M,(k) is nowhere dense and is at most countable. The set

M,(oo) is at most countable.

In [3] we proved a result like Theorem 1 in the one-dimensional case for

intervals I whose left endpoint was 0. The generalization to arbitrary intervals

causes considerable additional difficulties in the proof; the generalization to

arbitrary dimension and the generalization to unions of t boxes are easy.

As far as I know, the only interesting sequences for which the boxes B with

finite £(B) have been determined are the sequences

(3) xn = {an + ß)       («=1,2,...)

in the one-dimensional case, where the notation {£} denotes the fractional part

of f. Let us define an interval modulo 1 as either a subinterval I of U1 or the union

of two subintervals Ij, I2 of U1 such that OEl, and I2 contains every number less

than 1 which is sufficiently close to 1. (In particular, every interval modulo 1 lies

in 332. A suitably defined box modulo 1 would lie in 232*; m fact we defined the

class S3, in order to allow boxes modulo 1.) Now for a sequence (3), £(J) is finite

where J is an interval modulo 1 if (Ostrowski [2]) and only if (Kesten [1]; this is

the hard part) p(J) = {a/} for some integer /. In particular, the set Mi(oo) is

infinite if a is irrational.

No particular importance attaches to the number 8k in Theorem 1. But in [3]

it was shown that the van der Corput sequence has (M¡(d))w nonempty for

d= 1,2,... .
Theorem 1 probably remains true if the class 33, is replaced by the class SB, of

polyhedrons with at most t faces or by the class © of ellipsoids contained in U*.

But Theorem 1 is not true for the class of convex subsets of U* when k > 1 :

Theorem 2. Suppose k > 1. There is a sequence x,, Xj,... in U* such that for

every p in 0 < p < 1, there is a convex set S in U* with p(S) = p and with

EiS) < I

The fairly easy proof of Theorem 2 is given in the last section and is

independent of the rest of the paper. The proof of Theorem 1 is unfortunately

rather long. It would be desirable to have a simpler proof.

2. Preliminaries. Every interval is of one of the following four types: (i)

a < x < ß, (ii) a < x < ß, (hi) a < x < ß, (iv) a < x < ß. Now for a box

B = l! X • • ■ X lk, each interval I, is of one of four possible types, and hence we

have 4* types of boxes. There are 4** types of i-tuples of boxes B,..... B,, and
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hence there is a finite number of types of elements of 58,. It clearly will suffice to

prove Theorem 1 for each subclass of 33, whose elements are of a given type. For

the sake of simplicity we shall only deal with the type where each interval I used

in the definition of boxes is of the type a < x < ß. Denote such an interval by

l[a,ß).

For 1 < i < k, let B,(a) be the set of points x in U* with a < x, < 1, and for

k + 1 < i < 2k, let B,(a) be the box of points x in U* with 0 < xHk < a. For

cti,..., a2k with 0 < ctj; < 10= L • • • ,2k), put

B(a,,.. .,a2k) = B(a,) Cl • • • (1 B(a»).

Then B(at,..., au) is a box, and every box of the type described above may be

written as l[a,,ak+t) X • • • X Ipa^o:^) = B(at,... ,oK). For a,,..., a2kt with

0 < ctj < \(J = L • • -,2kt), put

A(ai,...,a2kl) = B(a,,...,02t) U B(a2k+U .. .,a^) U •••

U B(a2k(,-i')+i,...,(X2kt).

Then A(ai,..., a^,) is in 33„ and every element of 33, of the type described above

is a set A(ai,.. .,02*,).

It will be convenient to write 2kt = m, a = (at,..., a^,) and A(a)

= A(o¡i,... ,a2iç,). Also put p(a) = p(A(a)). The vectors a will be restricted to

the closed cube C in Rm defined by 0 < a, < 1 (/ = 1,..., m).

We shall call a finite or infinite sequence of real numbers a(1), a(2), ...

monotonie of the type < if a(1) < a<2) < ..., monotonie of the type = if

a(0 = a(2) = ..., and monotonie of the type > if o^ > a^2) > • • •. Every

infinite sequence of real numbers contains an infinite monotonie subsequence. A

finite or infinite sequence of vectors a*1) = (a[I),... ,a$), a(2) = (a\2\... ,a2>),

... will be called monotonie of the type (u,,..., um) where each uh is either <

or = or >, if for 1 < A < m, the sequence af), ah2\ ... is monotonie of the

type uh.

Given subsets A, A' of U*, the symmetric difference

A* A'

is the set of elements x which lie in A but not in A', or in A' but not in A.

Lemma 1. Suppose a(1), a(2), ... is a monotonie sequence of vectors in C. Then

no point x of Mk lies in more than m = 2kt of the sets A(aW)"A(a<2)),A(a(2))*

A(a»)),... .

Proof. A(a ) = A(ai, ..., a^,) is formed as a union and intersection of the 2kt

sets B,(a,+2*,)(1 <i<2k,0<j<t— 1). Therefore if for every i, j with

1 < 1 < 2k, 0 < j < t — 1, the point x behaves the same way with respect to

B|(a¡+2/y) and B,.(ai+2^-)> i-e- ̂ es in both or in neither of them, then x lies in either

both A(a) and A(a') or in neither of them. Hence if x e A(a)* A(a'), then there

are 1, j with 1 < / < 2k, 0 <j < t - 1, such that x e B/(aI+ai>)* B¡(a'i+2kj).
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Thus to prove Lemma 1, it will suffice to show that for fixed i,j, a point x lies in

at most one of the sets

(4) BzÄ,) * B,.(«P4),       B,(«P4) * B,.(aP4),        ....

But B,(a) decreases with a if 1 < /' < k, and it increases with a if k + 1 < i

< 2k. The sequence al+2zc/1), a,+2z</2)> • • • is monotonie. Hence the sequence of

sets B,(a,+2/;/1''), B,(«,+2Z:/2))> • • • is either increasing or decreasing (in the weak

sense). Therefore x can lie in at most one of the sets (4).

The property enunciated in Lemma 1, together with the continuity of p(a), are

the only properties of the sets A(a) which we shall need. It would be easy to

construct other parameter families of sets with these properties, and hence other

families of sets for which Theorem 1 holds.

3. Directed systems. Let (tj,...,/,/) and (i\,...,i'd) be ¿/-tuples of positive

integers. We shall write

(/',,...,/,,) < (/",,...,/¿)
j

if i, = i\, ..., /,_, = /;_, and i} < i).
We are going to define directed systems of real numbers. A directed system of

order 0 consists of a single real number a in 0 < a < l.A directed system of

order 1 is a finite monotonie sequence of reals a(l), a(2), ..., a(/) with / > 1

terms in 0 < a < 1. Thus a directed system of order 1 is of some type (u) where

u may be <, = or >. For arbitrary d > 1, a directed system of order d is of

some type («i,...,ud), where each u¡ may be <, = or >, and consists of integers

¡i,...,ld greater than 1 and of real numbers a('',,...,/¿) (1 <. /i < A,...,

1 < id < ld) in the interval 0 < a < 1, such that if 1 < /',, i\ < lx, ..., 1 < id,

i'd < h and (/,,..., id) <j(i\,..., i'd), then

a(ix,...,id)uja(i\,...,i'd).

For example, in a directed system of the type «,...,<), the numbers

a(/i,...,id) are ordered lexicographically.

Lemma 2. Suppose there exists a directed system of the type («■,...,«,-_!,

=, M/+|,..., ud) where j < d. Then the symbols uJ+l, ...,ud are all the = sign, i.e.

the type is («,,.. .,«,_,, = ,...,=).

zProof. Let a(it,... ,id) belong to a directed system of the type (ux,... ,«y_i,

=,uJ+i,...,ud). Then a(l,.. .,1,1, /,+,,. ,.,id) = a(l,..., l,2,/j+1,.. .,i'd) for

any numbers 1 < iJ+i, i}+1 < /}+1, ..., 1 < id, i'd < ld. Hence the lJ+i ...ld

numbers o(l,..., l,'}+i,...,/,,) with 1 < /,+, < lj+l, ..., 1 < id < ld are all

equal, and the symbols uJ+i, ...,ud must be the = sign.

Next, we define directed systems of vectors a. A directed system of order zero

consists of a single vector a in the cube C. A directed system of order d where

d > 1 is of some type («,*)(! < / < d,\ < h < m), where each uih is either <
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or = or >, and consists of integers /,, ...,l¡¡ greater than 1 and of vectors

a(i\,...,id)(\ < /, <s /,,..., 1 < id < ld) such that for each h in 1 < h < m,

the coordinates ah(iu...,id)(l < ¡i < lu..., 1 < id < ld) form a directed sys-

tem of reals of the type (u]h,. ..,«,#,). That is, we have

ah(iu...,id)uJhah(i\,...,i'd)

if 1 < »i. i\ < h, •. •, 1 < id, ¡'d < h and (/,, ...,id) <j(i\,.. .,i'd).

4. A proposition which implies Theorem 1. By a range we shall understand a

finite set of consecutive positive integers. Thus a range N will consist of integers

a + 1, a + 2, ..., b where 0 < a < b. The number \N\ = b — a will be called

the length of the range, so that a range of length / contains exactly / integers. Now

let f(n) be a function defined on the positive integers, and let N be a range. We

put

(5) /+(A0 = max/Oi),      f~(N) = min/(«),

and

(6) f*iN)=f+(N)-f-(N).

For a in C, write

(7) /(«,a) = «p(a)-Z(«,A(a)).

The meaning of the notations/+(A/*, a),/"(#,<*) and/*(zV,a) is then obvious.

Given a subset S of the cube C, write M(S) for the set of numbers p = p(a)

with a e S. For any set M of real numbers, put M(0> = M.

Proposition^3) Suppose d > 0 and S is a subset of  C íhcA f/W (M(S))('')

contains a number p. in 0 < p < 1. Suppose e > 0. TAe« //We is

(i) a positive integer r,

(ii) a directed system of vectors a(i{,.. .,id)(\ < /.■ < /.•) of order d with

a(i¡ ,...,id) e S and 0 < p(a(/,,..., id)) < 1, and

(iii) /Âert? are neighborhoods^)N(iu .. ,,id) of the numbers p(a(i1,... ,id)), with

the following property:

If N is a range with \N\ > r, and if

ß(/„...,z7)     (1 </, </„...,l <id<ld)

is a directed system with p(ß(i\ ,...,/</)) e N(/i ,...,id), but not necessarily of the

same type as the directed system a(it,..., id), then

(8) (A • • • IdV 2 ... 2 /*(^,ß(/„...,/,)) > Ud + 1) +1 - e.
_ i,=i      <j=i 4 u

(3) This proposition corresponds to the proposition in [3]. Also, Lemmas 3,7 of the present paper

correspond, respectively, to Lemmas 5, 4 of [3].

(4) By a neighborhood of a real number /i we understand an open interval containing jtt.
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It might be in order to clarify the meaning of the proposition when d = 0. In

this case the directed system consists of a single vector a e S. The hypothesis

implies only that there is an a G S with 0 < p(a) < 1. Hence this case may be

restated as follows.

Case d = 0 of the proposition. Suppose a e C with 0 < p(a) < 1, and suppose

e > 0. Then there exists an integer r and a neighborhood N of p(a) such that for

every range N with \N\ > r and every ß with p(ß) G N, we have

f*(N,ß)>\ + ±-e.

The proof of the proposition will be postponed until later. At present we are

going to show that the proposition implies Theorem 1. We have to show that

(M,(k))(<í) is empty if d > 8k > 0. It will suffice to show that (M,(k))(<í) contains

no element p with 0 < p < 1 if rf > 8ic — 1. Put differently, it will be enough to

show that if (Mt(K))(d) contains an element p with 0 < p < 1, then

(9) K>\(d+\).

By what we said in §2, we may restrict ourselves to sets of 33, of the type A(a)

with a e C. Thus if M,(k) is the set of numbers p = p(a) with £(A(a)) < k, we

have to show that (9) holds if there is a p e (AJ,(k))(<í) with 0 < p < 1. Let S(k)

consist of the vectors a with E(A(a)) < k. Then M,(k) = M(S(k)). If (Â^(k))W)

= (M(S(k)))(<í) contains an element p with 0 < p < 1, we apply the proposition

with e = 1/12, with a range N having \N\ > r, and with ß(/,,...,/,,) = a(i,,...,

id) (or with ß = a if d = 0), and we see that there is a ß e S(k) with

f*(N,ß)>i(d+l).

Hence either |/+(7Y,ß)| > ¡(d + 1) or |/"(2V,ß)| > \(d + 1), and there is an

integer n e TV with |/(«,ß)| > \(d + 1). Thus

Din,A(ß)) = |Z(«,A(ß)) - np(ß)\ = \f(n,ß)\ > ¡(d + 1),

and E(A(ß)) > ¡(d + 1). Since ß e S(k) and E(A(ß)) < k, we obtain (9).

5. An auxiliary lemma. If f(n) is a function defined on the positive integers, and

if N, N' are ranges, put

(10) fiN,N') = max(0,/-(iV) -f+(N'),fA[N') -f+(N)).

Lemma 3. Let /(«), gin) be defined on the positive integers, and let L, L' be

subranges of a range N. Then

f*(N) + g*(N) > (f-g)\L,L>) + K/*(L) + g*iL) +f*(U) + g*(L')).

Proof. Since both L, L' are contained in N, we have/*(A/) > max(/*(L),
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/*(//)) and g*(N) > ma\(g* (L), g* (L')), so that the lemma is certainly true if

(/- gf (L,U) = 0. We therefore may assume without loss of generality that

(f-gf(L,L') = (f-g)-(L) - (f-g)+(U) > 0.

Then we have for every / e L and every /' G L',

do        /(/) -1(/) - (un - g«'» > a- gfiL,L').
Let a¡, b¡, ag, bg he integers in L with

f(aj)=r(L),       f(bj)=f-(L),

g(ag) - g+(L),       g(bg) = g-(L),

so that

(12) f(af)-f(bj)=r(L),

(13) giag)-gibg)=g*(L).

Similarly, choose a), b), a'g, b'g in L' with

(14) fia'j) - fib'j) = f*(L'),

(15) g(a'g)-g(b'g)=g*(L').

Applying (11) with / = ap V = a), we get

f(ag) - g(ag)-f(a'f) + g(a'f) > (f-gf(L, L').

Applying (11) with / = b¡,V = b'g, we obtain

fibj) - gibf) - f(b'g) A- g(b'g) >(f- gf(L, L').

Adding these two inequalities and the four equations (12), (13), (14), (15), we

obtain

•P, + <h + <P3 + <P4 > 2(f-gf(L, L') + f*(L) + g*(L) +f*(U) + g*(L'),

where

«Pi = fi"j) - fib'j),        rp2 = g(a'g) - g(bg),

<P3 = fiag) - fib'g),       <p4 = g(a'f) - gibj).

Sincef*(N) > max(<p,,fp3) andg*(A^) > max(<p2,rp4), the lemma follows.

The lemma will not be used until §11.

6. The case d = 0 of the proposition. Write ||£|| for the distance from a real

number £ to the nearest integer. Suppose p = p(a) lies in the open interval

0 < p < 1. Then there is a positive integer q such that ||pfl|| > j. This follows
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from Kronecker's theorem if p is irrational, and is easily proved if p is rational,

the worst case being when p = j or }. Choose a neighborhood N of p such that

|p' — p| < e/q for every p' G N. Then for every ß with p(ß) G N,

Mß)q\\>S-e.

Now put r = q + 1, and let N = {a + 1,a + 2,. ..,b) be a range of length

|jV| > r. Then there are two integers n, ri in TV, e.g. n = a + 1 and «'

= a + 1 + q, such that

IMß) - «>(ß)|| > \ - e.

Hence

\f(n',ß) -f(n,ß)\ > |Mß) - n'p(ß)|| > J - e,

and in the notation of (6) we have

f*(N,ß)>±-e = l + Al-e.

This finishes the proof of the case d = 0 of the proposition. The proposition

in general will later be proved by induction on d.

7. Kronecker type lemmas.

Lemma 4. There are positive valued functions fx(yo),hiya,y\),fiiyo,y\,yi), ••.,

defined for nonzero y0, y\, y2,..., with the following property:

Suppose I is a positive integer and

0<e<l,   0<|51|</1(e),   0<|52|</2(e,51),    ....
(16)

0<|5,|</î(£, «„...,5,-,).

Then there is a positive integer p = p(l, e, 5i,..., 5,) such that, for every range N

with | N\ > p and arbitrary a,, ..., a¡, there is an n G N with

(17) {ó>-a,}<e       0 = 1,...,/).

Proof. Put/,(j>o) = |>-o|. Suppose 0 < e < 1 and 0 < |5,| </,(e) = e. Sup-

pose at first that 5] > 0, and put p = [1/5,] + 1, where [£] denotes the integer

part of a real number £. The numbers z0 = 0, Zi = Si, ..., zp_ï = [l/ai]^ lie in

0 < z < 1, and given any a there is a z, with {z, — a) < Si < e. Thus there is an

n with 0 < n < p — 1 and {5, n - a) < c. Since this holds for every a, it is easily

seen that in every range N with |7v"| > p, there is an n with {S{n — a) < e. The

situation is similar if 5, < 0.

Now suppose / > 2 and /■, ...,/_■ have been constructed and have the

desired properties. Suppose



IRREGULARITIES OF DISTRIBUTION. VIII 9

(18) 0<6<1,   0<|51|</1(e),    ...,   0<|5,_1|<jJ_1(e,z51,...,«/_2).

Putp' = p(l- l,e,5,,... ,5/_i) and

(19) f,(e,8,,...,8l-l) = e/2p'.

(Clearly, it does not matter how we define^ if (18) is violated.)

Suppose

(20) 0<|5/|<^(e,51,...,5,_1).

Then 0 < |ô;| < Je =/i(|e), and by the case / = >f the lemma there is a

p" = p(\,\e,8¡) such that for every range iV" with \n | > p" and every a,, there

is an n" E N" with [d,n" - a,} < {e. Put

p=p(i,e,Sl,...,8,)=p'+p".

Now let alt..., a, be arbitrary, and let N be a range with \N\ > p. Assume

at first that 8, > 0, and let N" be the subrange of tV with \N"\ = p" and with its

smallest element the same as that of N. There is an n" E N" with {8,n" — a,}

< \e. Let N' he the range n", n" + 1, ..., n" + p' - 1, so that zV' Q N. There is

an « e N' with

{6>-a,}<e       (/= 1,...,/- 1).

Furthermore, {8¡n - a,} = [8¡(n - n") + 8,n" - a,} = 8,(n - n") + {8,n" - a,}

< 8,p' + ie < £ by (19) and (20). Hence (17) holds for i = 1, ..., /.

The situation is analogous if 8¡ < 0. In this case we let the largest element of

zV" coincide with that of N.

Lemma 5. Suppose I is a positive integer and suppose e,8lt ..., 8¡ satisfy (16). Let

p = />(/,e,5(,_,8¡) be the number p of Lemma 4. There are neighborhoods D, of

Si,..., D, of 8X (which may depend on I, e,8l, ..., 8¡) with the following property:

Suppose N, N' are ranges with lengths \N\ > p,\N'\ > p. Suppose ij, E Dt, ...,

i?/ E D,. Then there are integers n E. N, n' G N' such that

(21) IK-«'ij/ll >*-e       (/=1,...,/).

Proof. Choose the neighborhood D, of 8¡ so small that

(22) pk-S.Kie

for every rj, E D¡(i = I,...,I). Now if N, N' are ranges with \N\ > p, | N'\ > p,

pick ri arbitrary in N' and let n0 be the smallest element in A7".

Suppose t)! E D|, ..., % E D/ are given. Put

«i = ("' - «oH + "o5, + \-{e       (/=!,...,/).
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By Lemma 4 there is an « G TV with ng < n < no + p- 1 and with {nS¡ — a,}

< e(i = 1,...,/). This is the same as

i - le < {«S, - (n' - «ok - MJ < i + !«•

Now

«1/ - "'1/ - «5, - (n' - /ich, - rt0S, + (n - kqXij, - S,),

and since |n — «oí < p and since ij, in D, satisfies (22) and hence |n — n0| |rj, — 0,1

< le, we obtain 1 — e < {nij, — h'ijJ < \ + e, which is equivalent to (21).

We shall say that a function g(n) is of the type % where tj is a real number, if

{g(n + 1) - g(n) - ij) = 0       («=1,2,...).

If N, N' are ranges of positive integers, we put

(23) gaiN,N') = nun min \g(n) - g(«')|.
ÄC/V   il c/V

This is not to be confused with the notation/v(7V,7v"') of (10).

Lemma 6. Suppose I, e, 8{,..., S¡ andp and Dt, ..., D, are as in Lemma 5. Let

r be a positive integer, and assume that b\,..., S¡ satisfy the inequalities

(24) 0 < |S,|< £/(2r)       (;=1,...,/),

and in fact that every ij, G D, satisfies

(25) In?,-! < e/(2r).

Then there is an integer p* = p* (/, e, St,..., S, ; r), such that if r\x G Di, ..., Tj/

G D,, and if g, (n), ..., g;(/i) are functions of the types ij,, ..., ij,, respectively, and

if N, N' are ranges with \N\ > p*, |7V'| > p*, then there are subranges L Q N,

U Ç N' with

(26) |L| = \L'\ = r

and with

(27) g,°iL,L') > \ - 2e      (i=l,...,l).

Proof. Put p* = max(p.r). Suppose ift G Di, ..., ij, G D; and \N\ > p*,

\N'\ > p*. By Lemma 5, there are integers n G N and ri G N' with (21). There

is a range L Q N with n G L and |L| = r, and a range L' Q N' with «' G Z/

and |L'| = r. For m E. L and /n' G L' we have |(m — «)ij,| < r|ij,| < \e and

\(m' - n')vi\ < 1«. so that, by (21),

la(«) - ft(«')l > liai'") - s,V)ll = Ihij, - m\\\

= ||/JT), - n\ + (m- n)r¡i - (m' - n')"t]¡ Il > \ - e - 2e/2 > \ - 2e.
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Thus (27) holds.

8. Functions f(n, a, ß). For a, ß in C, put

f(n,a,ß)=f(n,a)-f(n,ß)

= «(pía) - p(ß)) - (Z(n,A(a)) - Z(n,A(ß))).

The function f(n,a, ß) is of the type r¡ = p(a) - p(ß).

Lemma 7. Suppose a,,a2, ... are elements of C such that the numbers

p(o¡i), p(a2), ... are all distinct and converge to a number p. with 0 < p < 1.

Suppose 0 < e < 1, / > 1, r > 1.

There is a finite subsequence a(l), ..., a(2l) of a,, a2, ... with 0 < p(a(j))

< 1 (y = 1,... ,21), and there are neighborhoods N, of p(a(j)), and there is an

integer q, with the following properties:

For any ß(\), ..., ß(2/) with p(ß(j)) E N,(y - 1,.. • ,21), we have

(29) |p(ß(2/ - 1)) - p(ß(2/))| < e/(4r)       (/ = 1./).

Furthermore, if N, N' are ranges with \N\ > q, \N'\ > q, there are subranges

LQN,L QN' with

(30) \L\ = |L'| = r

and with

(31) f°(L,L',ß(2i - l),ß(2/)) > k - «       (/=L.. - ,/)•

Proof. There is an integer j\ with

0 < \p(aJt) - p(aj¡+,)\ < min(/1(ie),£/(4r)),

where fx is the function of Lemma 4. Put 8, = p(a,,) - p(a,1+1). There is a

y2 >7i + 1 such that

0 < \p(ah) - piah+x)\ < min(/2(^,f51),e/(4r)).

Put 82 = p(o/2) — p(o/2+i). We continue in this manner, and choose integers

ji <7i + 1 <y2 <72 + 1 < •.. <ji <.ji + 1, such that the numbers

5/ = niotj) - n(ajl+{)      (i = 1,...,/)

satisfy (16) and (24), with e replaced by e/2. Let D, = D,(/,e/2,6i,...,S/)(/

= 1,...,/) andp* = p*(l,e/2,8l,...,8¡;r) be as in Lemma 6. Put

«(1) = «,,.   a(2) = <*;,+,,    • • •,   a(2l - 1) = aJr   a(2l) = o,i+1,

so that p(a(2i - 1)) - p(a(2t')) = 8¡(i = 1,...,/). Choose neighborhoods N, of

KaÜ))Ü = 1,...,2/) so small that p^, - pj, E D, if pz,,, E N^, and p^
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G N2.. Then if ß(l), ..., ß(2/) are vectors with p(ß(J)) e N,(/' = 1,... ,21),

(29) follows from the condition (25) (but with c/2 in place of e) on the

neighborhoods Di, ..., D;.

Now suppose that \N\ > q, \N'\ > q where q = />*(/, e/2,fi,,.. .,8,;r). The

function gi(n) = f(n,ß(2i - l),ß(2i)) is of the type p(ß(2i - I)) - p(ß(2i))

= tj„ say, where r>(. G D,(z = 1,...,/). By Lemma 6, there are ranges L Q N,

L ç N' with (26) and (27) (but with e replaced by e/2), i.e. with (30) and (31).

This finishes the proof of Lemma 7.

Suppose again that g(n) is a function of the type tj. We shall say that g has a

jump at n if either n = 1 and g(l) == tj, or if « > 1 and g(n) — g(n — 1) — tj

# 0. Recall that the function f(n, a, ß) is defined in terms of a given sequence

X|, x2, ....

Lemma 8. The function f(n,a, ß) of the type p(a) — piß) has a jump at n if and

only if

x„GA(a)"A(ß).

Proof. f(n, a, ß) has a jump at n precisely if

Z(«,A(ß)) - Z(n,A(a)) - (Z(n - l,A(ß)) - Z(n - l,A(a))) ¥= 0.

(Here we set Z(0, A) = 0.) This holds if and only if x„ G A(a) * A(ß).

9. The construction of directed systems. Suppose the numbers a(z'i ,...,id) with

1 < ij < /j, ..., 1 < id < ld belong to a directed system of the type («,,..., ud).

Let u be < or = or >. Put

(«*,...,«*,«*+,)= («,,.. .,ud,u) if udis not = ,

= («!,...,uk, u,..., u)      if for some k < d, the symbols

uk+i, ..., ud are =, and either k = 0 or uk is not = .

We shall describe a process of constructing a directed system of order d + 1 of

the type («*,.. .,ud,ud+l). Let K be the set of d- tuples (/',, ...,id) with 1 < /'[

</,...., 1 < id < h- A subset H of K will be called a segment if (/j,..., id)

G H whenever (/{,..., i'd) G H and (/',,..., id) <y(/',..., i'd) for some / Let

ld+l be an integer greater than 1. A partial directed system of order d + I on H

will mean a system of numbers a(z, ,...,id, id+l) defined for ft,..., /,/) G // and

1 < '¿+1 < 'd+i, such that

(a) a(', ,...Ad, ¡d+i ) u* «Oí, •.., i'd, i'd+i ) if Oi, • • •. id) G H,(i\,..., i'd) G H

and Oi....,irf.'rf+i)<yO'i»....»ir»»rf+i) for some/ in 1 <j < d+ 1.

(b) <*(/,,...,id,id+i)u*«(/",,...,i'J) if (/,,...,id) G H, 0",,...,/¿) G H and
Oí,..., z'd) <;0'í,..., i'd) for somey in 1 <j<d.

In particular, if H is empty, the empty set is a partial system defined on H. If

H = K, a partial directed system on H is a directed system of order d + 1.
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Lemma 9. Suppose H is a segment, and H* the segment which consists of H and

a single further d-tuple (¿i,..., td). Suppose

a('i. • • • AdAd+l)        (Oi, • • • Ad) e H, 1 < id+i < ld+i)

is a partial directed system defined on H.(5) Suppose there is a sequence

a,(t\,... ,td)(s = 1,2,...) which is monotonie of the type u and tends to

<*(<! ,...,td). Then ifs0 is sufficiently large, and if we put

(32) a(r,,..., td, i ) = «„„(/,,...,/„)       (1 < i < ld+l ),

then the numbers

«0'i ,..-,'</, ¡d+i)       (O't. • • •. ¡d) e H*, 1 < id+l < ld+l )

are a partial directed system defined on H*.

Proof. The condition (a) is satisfied if (/,,...,id), (i\,...,i'd) E H. In order

that it also be satisfied for H*, we have to satisfy the following two conditions.

(a? )      «Oi, • ■. AdAd+i )"/«('i> • • -AdA'd-n)   if Oi. • • -Ad) <(*,. •••Ad)

for some y in 1 <j<d.

(a?) a(t.,...,td,id+i)u^+la(t,, ...,td,i'd+i)   if id+x < i'M.

Since (f,,..., td) is the only new element in H*, (b) will be satisfied for H* if

(b*) a(/,,...,td,id+i)uf a(i\,...,i'd)   whenever (i,.td)<(/',,...,i'd).

Now since as(t\,.. .,td)(s = 1,2,...) is monotonie of the type u = ud+i, the

condition (a*) will be satisfied if a(tt, ...,td,i) is given by (32), no matter how

we choose s0.

Now suppose that 1 <j<d and u* is not =. Suppose (/i,..., id) <,(fi.

td). Since (i,,..., id) is in H and (f,,..., td) is not in H, we have a(ix ,...,id,

¡d+\ )u* «('i ,.■■ ,td)hy the hypothesis (b). Since a,(tlf...,td)is = 1,2,...) tends

to a(/,,..., td), (a* ) will be satisfied if s0 in (32) is sufficiently large. Next, suppose

that 1 <j<d and u* is =. Then also Uj and m are =. Suppose (iu...,id)

<;(/,,..., rrf). Then «(/, ,...,id,id+i) = a(ii ,...,td)hy (b). Since «,(/•,,..., r¿)

= a(ti ,...,td)(s= 1,2,... ), (af ) will certainly be true. Thus (a* ) can always be

satisfied.

Now suppose that 1 <j<d and «, is not =. Then uf equals Uj and is not =.

Since a(z'i,...,id) is a directed system of the type («,,...,ud), we have

a(t,,...,td)ufa(i\,...,i'd)  if  (%,...,U)<$\.i'd).  Since  otx(í,,...,írf)(j

= 1,2,...) tends to «(/,,..., td), (b*) will be true if s0 in (32) is sufficiently large.

Finally, suppose that 1 <j<d and Uj is =. Then uf is u. Since a(i{,.. .,id) is

(5) This part of the hypothesis does not apply if H is empty. Obvious changes have to be made

in the proof in this case.



14 W. M. SCHMIDT

a directed system of the type (u¡,..., ud), we have a(t\ ,...,td) = a(i\ ,...,i'd) if

Oi,..., td) <,(/',...,i'd). Since OjO, ,..., td) is monotonie of the type u and

tends toa(tu .. .,td), we havea(/,,...,ta,idJeX)ua(tu ...,td) = a(i\.i'd), i.e.

a(ij,...,td,id+i)u*a(i\,...,i'd). Thus (b*) will be satisfied.

This finishes the proof of Lemma 9. It is clear that by using an inductive

argument and using Lemma 9 at each step, we can gradually build up a directed

system of order d + 1 of the type (u*,..., w*+1 ).

Now suppose that a(/, ,...,id) with 1 < /, < /j, ..., 1 < id < ld is a directed

system of vectors of the type (uih)(1 < i < d, 1 < h < m). Let uu ..., u„ be

symbols <, = or >. For each A in 1 < h < m, put

(ufh,..., u¿\, mJ+1iA) = (uih,..., uA, uh) if U& is not =,

= (ulh,... ,uk/ith,uh,...,uh)      if ukh+Uh,...,uj,, are =,

and if either kh = 0 or ukhJl is not = .

We shall indicate a process to construct a directed system of vectors of order

d + 1 of the type (u*h) (1 </'<</+ 1,1 < m < h). A partial directed system of

vectors of order d + 1 on a segment if is defined in the obvious way.

Lemma 10. Suppose H isa segment and H* is the segment consisting of H and of

a single further d-tuple (tx,..., td). Suppose

a(i{,...,id,id+i)       (O,,...,id) G H, 1 < /rf+, < ld+l)

is a partial directed system defined on H.(6) Suppose there is a sequence of vectors

a,0i » • • .,td)is = 1,2,...) which converges to afa ,...,td), and which is monoton-

ie of the type (mj, ... ,um). Then ifs0 is sufficiently large, and if we put

(33) a(/„ ... ,td,i) = aJo+¡0,,... ,td)       (1 < i < ld+l),

then the vectors

«Oi ,...Ad, ¡d+i)       (Oi. • • •. id) e H*, 1 < id+l < ld+] )

are a partial directed system defined on H*.

Proof. We may use induction on the number m of components of our vectors,

and use Lemma 9 at each step of the induction.

10. Inductive proof of the proposition. Let S be a subset of the cube C. A vector

a will be called a limit point of S if there is a sequence a,, a2, ... of elements of

S which converge to a and which have distinct values p(o¡i), p(a2), .... (This

condition is more restrictive than the usual condition that a., a2, ... be distinct.)

Let S(1) be the set of limit points of S. Since p(a) is a continuous function of a,

it is clear that M(S(») Q Af(')(S). Conversely, if p G M<»(S), there are distinct

elements p, = pOO, p^ = p(a2), ... of Af(S) with a,, a2, ...  in S and with

(6) See the footnote to Lemma 9.
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¡i¡ -* p. There is a convergent subsequence of a¡, a2,... ; let us denote the limit

of this subsequence by a. Then a E S(1) and p = p(a), so that p E M(S('))-

Hence

(34) M(')(S) = M(S0>).

Every sequence ax,a2, ... has a subsequence which is monotonie of some

type («!,...,«„). If the numbers pfa), p(a2), ... are all distinct, this type

cannot be (=,...,=). Hence if S(1)(«i, ...,um) consists of the elements

a E S(1) for which there is a monotonie sequence a,, a2, ... in S of the type

(«!,... ,um) which tends to a and has distinct p(o¡i), p(a2), ..., then S(1> is the

union of the 3m - 1 sets S(1)(«i,.. •, O with («,,..., um) not (=,..., =).

Now assume that d > 0 and that Af(¿+1)(S) contains an element p with

0 < p < 1. By (34) we have M^+'KS) = M<rf>(S<»), so that p lies in one of the

3m- 1 sets MW(SW(ut,...,um)) with (ux,...,um) not (=,..., =). Suppose

(«!,..., t/m) is a particular w-tuple with

pEMW(S0)(«„...,O).

We now assume the truth of the proposition for our particular value of d and

apply it to S(,)(«,,.. .,um). There is an integer r = rV\ a directed system

a(ii,...,id) with elements in S(1)(m,, .. .um), and there are neighborhoods

N(/i,.. ,,id) with the properties enunciated in the proposition. Suppose this

directed system

a(ii,...,id)      (1 < /', < /,,..., 1 < id < ld)

is of the type (uih)(\ < i < d,\ < h < m). Construct (m,*)(1 </<</+ 1,1

< h < m) as in §9. The goal of the present section is a proof of the following

Lemma 11. Suppose ld+l = 2/ > 0, r > 0, e > 0. There is a directed system

a(f„...,id,id+i)       (1 < A < k.! ^ 'd+i ^ ld+\)

of the type («,*)(1 < i < d + 1,1 < h < m), all of whose vectors a lie in S and

have 0 < p(a) < 1, and there are neighborhoods N(tt, • • •, id+ j ) of n(aii1, ' • •, id+1)),

such that

(35) N(t,,...,id,id+l) C N(/,.i4)      (1 </,</„..., 1 < iM < ld+l).

Also, if ß E N(/,,.. .,«¿,27 - 1), ß' E N(t,,... id,2j) with 1 </,</„..., 1
< »¿ < ¡d and with 1 <j<l, then

(36) |p(ß) - p(ß')| < t/Ar.

Finally, there is an integer p such that ifN, N' are ranges with \N\ > p, \N'\ > p,

and if vectors ß(/, ,...,id, id+\ ) have p(ß(zi,..., id+l )) E N(t,,..., /,,+, ) for 1 < /,

< l\,..., 1 < /¿+i < ld+\, then there are subranges L Q N, L' Q N' with
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(37) \L\ = \L'\ = r

and with

/D(L,L',ß(/„ .. .,id,2j - l),ß(/„... ,id,2j)) > \ - e
(38)

(1 </,</,,...,! <id<ldA <j<¡).

We shall prove this lemma by constructing partial directed systems of order

d + 1 defined on segments, and by gradually increasing these segments.

Lemma 12. Suppose ld+x — 2/ > 0, v > 0, e > 0. Let H be a nonempty segment.

There is a partial directed system

a(/,,...,id,¡d+i)       (Oi»•...'«/) G //, 1 < id+\ < ¡d+\)

of the type (ufk) with all the vectors a in S and satisfying 0 < p(a) < 1, and there

are neighborhoods Nft,.. .,id,id+\) of p(a0,,.. .,id,id+\)\ defined for (/,,... ,id)

G H, 1 < id+i < ld+l, such that

(39) NO,,... ,/„ /,,+,) C N(/,,..., id)      (0,,...,ij) G H, 1 < id+l < ld+x),

and such that

(40) |p(ß) - p(ß')l < e/4*

// ß G NO,,.. .,id,2j - 1), ß' G Nft,.. .,id,2j) for some ft,. • • Ad) £ H, 1
</ < /. 77/We m an integer p = p(H) such that if N, N' are ranges with

\N\ > p(H), \N'\ > p(H), and if ß(z„ ... ,id,id+l) G N(/„ ...,id,id+l)((/,,...,

id) G H, 1 < id+i < ld+i), then there are subranges L Q N, L' Q N' with

(41) |L| = |L'| = ,

and with

/°(L,L',ß(/,.id,2j - l),ß(z„... ,id,2j)) > 1 - e
(42)

((/„..../jGtf.l <j<l).

The case when H = K, the set of all ¿/-tuples ft,..., /¿X is Lemma 11.

Proof of Lemma 12. We shall proceed by "induction on H". We shall assume

that H is a segment properly contained in K, and that either H is empty, or H is

nonempty and Lemma 12 is true for H. There is a unique segment H* which

consists of H and a single further ¿/-tuple ft,..., /¿). We shall now prove Lemma

12 for H*. We shall tacitly assume that H is nonempty; the necessary modifica-

tions in the argument when H is empty are trivial.

Suppose a(iu...,id,id+]) defined for (/,,...,id) 6 H, 1 <" /,,+, < ld+l, and

respective neighborhoods N(/i,...,id,id+l) and the numberp = p(H) have the
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desired properties as enunciated in Lemma 12 with respect to H.

Since a(tx,..., td) lies in S(i)(h,, .. .,um), there is a monotonie sequence

as(t\,... ,tj)(s - 1,2,... ) of the type («,,..., um) which tends to a(/, ,...,td),

and is such that the numbers p(as(h,.. .,td))(s = 1,2,...) are all distinct. We

now put r = p(H) 4-1/ and apply Lemma 7 to /, r, e and to the sequence

ai (/,,...,td), a2(tx,...,td), ... . There is a finite subsequence

(43) a(t,,..\,ta,Y), ...,a(t,,...,td,2l),

and there are neighborhoods N(tu...,td,i) of p(a(?,,.. .,td, /))(1 < / < 2/),

and there is an integer q, with the following properties. For any ß(t{,. ..,td, 1),

...,ß(t,,...,td,2l) with p^(z-,,...,,¿,/)) E N(tv...,td,i)(l < i < 21), we

have

|p(ß(z,,...,t#y - 1)) - p(ß(i,.*,,2/))j < e/4r < e/4v
(44)

(1 <j<0-

Furthermore, if tV, N' are ranges with 17V| > q, \N'\ > q, there are subranges

N„ Q N,N'H Q N' with

(45) \Nh\ = \N>H\ = r > p(H)

and with

(46) f° (N„, N'H,ß(tx,...,td,2j-l),ß(t,,...,td,2j))>\-e       (1 </</).

Now the sequence as(h> • • ■ Ad)is = 1,2,... ) may be replaced by a subse-

quence with p(as(- ■ •)) contained in N(ij, • • •, td), and hence the sequence (43) can

be chosen so that all its measures p lie in N(/j, • • •, td). The neighborhoods

N(fj, • • •, fd, /) can be chosen so small that N(tlt---, td, i)C N(i,,••■, td)

(1 < i < 2/). This, together with the "inductive" assumption (39) yields

(47) N(/,.wjENfi./,)       ((/,,..., id) E H*, 1 < id+l < ld+l).

The "inductive" assumption (40) for H together with (44) gives a condition like

(40) for H*. Lemma 10 shows that, moreover, the sequence (43) can be chosen

so that <*(/,,...,id,id+i) with (i¡,...,id) E H*, 1 < id+l < /¿+1, is a partial

directed system on H*.

Now     suppose     ß(/, ,...,id, id+i )CN(i,.id, iM ) ((/,,.. .,id) & H*,l

< ¡d+i < '<í+i)> |A^| > q, \N'\ > q, and suppose NH, N'H are chosen as above

with (45) and (46). By the "inductive" assumption on H, there are subranges

L C N„, L ç N'„ with (41), (42). Since L ç NH, L ç N'„, the relations (42)
together with (46) yield

f°(L, L, ß(/, ,...,id, 2/ - 1), ß(h ,...,id,2j))>\-t

((h,...,id) e/Y*,l < iM < ld+l).
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Hence Lemma 12 is true for H* with/>■(//*) = q.

11. Proof of the proposition completed. We saw in §10 that if M(rf+I>(S)

contains an element p in 0 < p < 1, then p G M(d)(S(l)(Mi» • • • >Mm)) f°r some

w-tuple («],...,um). We applied the inductive hypothesis to S(n(u.,.. .,m„,)-

There is a directed system oft,..., id) of order d, and there are neighborhoods

Nft,..., id) and an integer r = r^ with the properties stated in the proposition.

Lemma 11 asserted the existence of a directed system a(ix,.. .AdAd+\) of order

d + 1, and neighborhoods N('i,... ,id,id+x) and a numberp which have certain

properties in relation to the given directed system of order d.

Lemma 13. Suppose we have the same hypotheses as in Lemma 11, and let

«ft > • • • » id+i ), N('i ,...,¡d+i),p be as in Lemma 11. Suppose

(48) 0ft.id+x)      (1 </,</„..., 1 < id+x < ld+x)

is a directed system with

(49) p(ßft./„+,)) C Nft,... ,id+1)      (1 < /, </„..., 1 < id+x < U+\\

but not necessarily of the same type as afa,... ,iM). We know from Lemma 11 that

if\N\ > p, \N'\ > p, then there are subranges L Q N, L' Q N' with(37) and (38).

We now claim that for every ft,..., id) with 1 <* i¡ < lx, ..., 1 < id < /* we

have

(50) 2 fv{L,L',ß(iu...,id,2j - l),ßft,...,id,2j)) > /(J - 2e) - 2mr.
j-t

Proof. Throughout, we keep i,, ..., id fixed. Since (48) is a directed system, the

sequence ß(/i ,...,id,i) with i = 1, 2, ..., 2/ is monotonie. Hence, by Lemma 1,

a point x„ can he in at most m of the / sets

A(ßft.id,2j - l)'A(ß(ix,.. .,id,2j))      (j = 1,2,...,/).

It follows from Lemma 8 that at most m of the / functions

(51) f(n,ß(ix,... ,id,2j - l),ß0„... ,id,2j))      (J - 1,2,...,/)

can have a jump at n. Hence in view of (37), at most 2mr of these functions can

have a jump at any n G L or any ri G L'. It will suffice to show that if a function

(51) has no jump in L or in L', then this function satisfies

(52) r(L, L', ßft ,...,id, Tj - 1), ßft,..., id, 2j )) > \ - 2e.

Suppose n0 G L, «¿ G L'. By (38), the values of our function (51) at n = «q

and at /i = »to differ by at least \ — e. Without loss of generality we may assume

that
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/(«0.0ft.¡d,V - l),ßO'i,.. .Ad,V))

- /("o> 0ft ,...,ii,2j- 1), 0ft,..., id, 2/ )) > \ - e.

Now f(n, ß(ii,..., id, 2j - 1), 00,,...,/,,, 2/ )) is of the type p(0(/, ,...,id, 2/
— 1)) - p(0Oi,.. .,id,2j)) and has no jump in L. Hence for every n G L,

\f(n,ß(... ,2j - 1),0(... ,2j)) -/(«o,0(... ,2j - l),ß( ... ,2j))\

- \n - «o| |p(0(... ,2/ - 1)) - p(0(... ,2/))|

< r(e/4r) = e/4,

by virtue of (36) and (49). A similar inequality holds for every ri G L', and hence

we have for every n G L and every ri G L,

f(n,ßi...,2j-l),ßi...,2j))-f(n',ß(...,2j-l),ß(...,2j))

>l-e-2(e/4)>l-2e.

Therefore (52) holds, and Lemma 13 is true.

The proof of the proposition is now completed as follows. In Lemma 11 and

in Lemma 13, the number / is still at our disposal. We now choose it so large that

le > 2mr. Then the right-hand side of (50) may be replaced by l(\ — 3e). Since

/(ij,a,0) = f(n,a) —f(n,ß), we may rewrite (50) as

Í (/(...,0ft,...,id,2j - 1)) -/(...,0ft,...,id,2j)))v(L,L')
(53)   >-

> /(I - 3e).

For every directed system 0(/,,... ,id+x) with (49) and every pair TV, N' with

|/V| > P, \N'\ > p, there are subranges L Q N, L' Ç N', with |L| = |L'| = r

and with (53) for arbitrary /,.id. In particular, in every single TV with

\N\ > p, there are two subranges L Q N, L' Q N' with |L| = |L'| = r and with

(53). By Lemma 3 applied to fin) =f(n,ß(il,. ,.,iä,2j — 1)) and g(n) =f(n,

0O',,...,í¿,27'))wehave

/*(/V-,0ft,.. .,id,2j - 1)) +/*(JV.flft,... ,id,2j))

>(/(...,0ft,.. .,id,2j - 1)) -/(...,0ft.id,2A))v(L,L')

+¿(/*(JL,0ft,¿..,id,2j - 1)) +/*(L,0ft,.. .,id,2j))

+r {v,00,,..., ¡d, 2j - i)) + /*(L,00, ,...,/„ y ))).

We now take the sum over j = 1, 2, ..., / and use (53) to obtain

S 1 f*iN,ßiix,.. .Ad,id+x)) > l{¿ - 3ej

i   td*\

+ 2   2   (/* (L, 0Oi, - • •, id, ¡d+i )) + /* (£', 0ft. • • • z /„, ¡d+i )))•
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This holds for arbitrary /',, ..., /',, with 1 < i, < /,, ..., 1 < id < ld. We now

take the sum over all ¿/-tuples (/,,..., id) and divide by /, ... ldld+i = 2/, ... ldl.

We obtain

A 'd+\ 1     3
(/..••4m)-1 2 •••  2 r(^,Ä/i,...,4i+i))>4-2e

+ /¿i S (5(4.../,)-' 2 ••• 2 (/•(£,«/„...,/,+,))

+r(L',ß(/„...,/</+1))))

1  3       k*1

= z~5£ + 4í+i  2    *(>'</+,),
4       Z '<?+! = >

say. Now for fixed id+l, ß(iu .. .,id,id+\) with 1 < ¿1 < /,, ..., 1 < id < ld, is a

directed system of order d. We have

p(ß(/,,...,id,id+l)) e N(t,.«,t*4f.4rt) C N(/,,...,id)

by (35), (49), and both L, L have length r = r^\ Hence by our inductive

assumption, i.e. by the case d of the proposition, we have

*(4r+i) >$(<*+ l) + Ï2~e'

whence

(54) ft.../™)"1 2 •"   2   /•(JV,fliI,...,i(,,i,+,))>j(rf + 2) + 1^-5e.

This holds for every range N with \N\ > p = r(¿+1)(5e/2), say. The whole

construction could be carried out with 2e/5 in place of e, and then our inequality

(54) would become (8) with d + 1 in place of d.

This finishes our inductive proof of the proposition.

12. Proof of Theorem 2. It is easily seen that the general case of Theorem 2

follows from the 2-dimensional case, so that we may restrict ourselves to this

case.

Pick numbers ft > t% > .., with

(55) 0 < tj < 1/(8/)       0=1,2,...),

and let xy = (x,, vy) be the point (1 — cos (,,sin /,). Then the points x,, x2, ...

lie on the circle (x - l)2 + y2 = 1, and they satisfy

(56) V(xj+y})<i/m     0 = 1,2,...).

For every p in 0 < p < 1, we are going to construct sets F(n, p) (n = 1,2,...)

as follows. If p < \, let F(l,p) be empty, and if p > \, let F(l,p) consist of x,.
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Then always

(57) ||F(l,p)|-p|<A,

where |F| denotes the number of elements of a finite set F. Now suppose F(«, p)

has already been chosen and is a subset of {x,,... ,x„} with

(58) \\F(n,p)\-np\ <i.

Then -(3/2) < |F(n, p)| - (« + l)p < J, so that either | \F(n,p)\-(n + \)p\ < 1
or ||F(n,p)|+l - (n + l)p\ < \. If the first inequality holds, put ¥(n + l,p)

= F(n,p); otherwise let ¥(n + l,p) consist of F(n,p) and of x„+1. In either case

we have | |F(« + l,p)\-(n + l)p\ < >}. Continuing in this way we obtain sets

F(l,p), F(2,p), ...   which satisfy (58) for n = 1, 2,_

Let Gi (p) be the convex hull of the sets F(l, p), F(2, p), ... . Then Gt (p.) is the

convex hull of certain points among x,, x2,... . If p = 0, the sets F(n,p) are

empty, and hence so is Gi(p). If 0 < p < •}, put n0 = [l/(3p)] and apply (58)

with n = n0. Since n0p < \, we obtain |F(n0,p)| = 0, and hence x,, ..., x^

do not lie in Gi(p). Thus Gi(p) is the convex hull of certain points among

x7!o+i> x^^, ..., and in view of (56) we obtain

M(CG0) < lWW.no + I)))2 < (r5)(3M)2 < >».

If \< P < 1, we have p(G,(p)) < it/A - 1/2 < 1/3 < p. Hence always

p(G,(p)) < p.
If 0 < p < \, let G2(p) be the convex hull of F(l,p), F(2,p), ... and of the

triangle 0 < x < 1, 0 < y < l,y < x. If p = 1, let G2(p) be U2. In these cases

we have p(G2(p)) > p. If 1 < p < 1, we have X! G F(l,p) by (57), and there is

a smallest integer nx such that x„1+i ^ F(«, + l,p). In this case let G2(p) be the

convex hull of F(l,p), F(2,p), ... and the open quadrilateral with vertices

(1,0), (1,1), xn), x*, where x* = (x*, 1) is the intersection of the line.y = 1 and

the tangent to the circle (x — l)2 + y2 = 1 at xH|. The quadrilateral contains the

open rectangle with vertices (x*,^), (l,>>ni), (x*, 1), (1,1) of area (1 — x*)

•(1 ~yni) = ((1 - A,)/0 - ««.»O - A) > l - 2A > 1 - 2V Since x,, ...,
xB| are in F(«, + l,p), but x^+j is not, (58) yields |n, - (n, + l)p| < {, whence

«i > (p — 1)/(1 ~ p). whence, by (55),

p(G2(p)) > 1 - 2tn   > 1 - (1/4/ij) >

3/4 > n    if    1/2 < p < 3/4,

1 - (1 - p) = p    if    3/4 <p < 1.

Since Gi(p), G2(p) are convex sets with p(Gt(p)) < p < p(G2(p)), there is a

convex set S(p) with G.(p) £ S(p) ç G2(p) and with p(S(p)) = p. The set S(p)

lies in U2, since G2(p) does. The intersection of Gi (p) with {x,,..., x„} is ¥(n, p),

and the intersection of G2(p) with {xt,...,x,} is F(«,p), so that also the

intersection of S(p) with {x,,... ,x„} is F(n,p). Therefore, by (58),
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ZK«,SO»)) = |Z(ji,S0t)) - «p(S(p))| = \\F(n,p)\-np\ < i

for n = 1, 2, ..., so that E(S(ji)) < \. Since p was arbitrary in 0 < p < 1,

Theorem 2 is proved.
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