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ABSTRACT. If x;, x;, ... is a sequence in the unit interval 0 < x < l andif Sisa
subinterval, write C(n,S) for the number of elements among x,, ..., x, which lie in S,
minus 7 times the length of S. For a well distributed sequence, C(n, S) as a function of n
will be small. It is shown that the lengths of the intervals S for which C(n,S)(n = 1,2,...)
is bounded form at most a countable set.

1. Introduction. The present paper is independent of the preceding papers of
this series. However, the reader would be advised to first read the sixth paper [3]
of the series, which deals with a similar but rather simpler problem.

We shall be concerned with the distribution of an arbitrary given sequence
X,, X3, ... of points in the unit cube of k-dimensional Euclidean space. This unit
cube U* consists of the points x = (x;,...,x) with0 < x; < 1(i = 1,...,k).

Let S be a measurable subset of U* of measure u(S), and write Z(n, S) for the
number of points among X, ..., X, which lie in S. The quantity

M) D(S) = 1Z(n,S) - mu(S)
tells us how far Z(n, S) deviates from the “expected” number nu(S). Put
) E(S) = sup D(n,S),

n

and call E(S) the error of S. We shall show in the present paper that very few
boxes B with sides parallel to the coordinate axes have a finite error E(B).

By a subinterval of U' we shall mean a single point or an open, half-open or
closed interval of positive length which is contained in U'. By a box contained in
U* we shall understand a set B = I; X - -« X I;, where I, **-, I, are subintervals
of U'. Thus B consists of points x = (x;,...,x) with x; € L(j = 1,...,k).)
Write B, for the class of sets which are unions of at most ¢ boxes in U*.

For k > 0, let M,(x) be the set of numbers p of the type p = u(A) where
A € B,and E(A) < k. Let M,(c0) be the set of numbers p of the type u = p(A)
with A € B, and E(A) < oo0; thus M,(cc) is the union of the sets M,(x) with
0 < k¥ < 0. Recall that a number v is a limit point of a set M of reals if there is
a sequence of distinct elements of M which converge to y. The derivative M) of
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M consists of all the limit points of M. The higher derivatives are defined
inductively by M@ = (M@D)V (4 = 2,3,...).

Theorem 1. Suppose d > 8x > 0. Then (M,(x))@ is empty.

Since a set M having M@ empty for some d is nowhere dense and is at most
countable, we obtain the

Corollary. Each set M,(x) is nowhere dense and is at most countable. The set
M,(0) is at most countable.

In [3] we proved a result like Theorem 1 in the one-dimensional case for
intervals I whose left endpoint was 0. The generalization to arbitrary intervals
causes considerable additional difficulties in the proof; the generalization to
arbitrary dimension and the generalization to unions of ¢ boxes are easy.

As far as I know, the only interesting sequences for which the boxes B with
finite E(B) have been determined are the sequences

?3) x,={an+8} (=12...)

in the one-dimensional case, where the notation {¢} denotes the fractional part
of £. Let us define an interval modulo 1 as either a subinterval I of U! or the union
of two subintervals I, I, of U! such that 0 € I, and I, contains every number less
than 1 which is sufficiently close to 1. (In particular, every interval modulo 1 lies
in B,. A suitably defined box modulo 1 would lie in B,; in fact we defined the
class B, in order to allow boxes modulo 1.) Now for a sequence (3), E(J) is finite
where J is an interval modulo 1 if (Ostrowski [2]) and only if (Kesten [1]; this is
the hard part) u(J) = {a/} for some integer /. In particular, the set M,(c0) is
infinite if « is irrational.

No particular importance attaches to the number 8« in Theorem 1. But in [3]
it was shown that the van der Corput sequence has (M,;(d))“’ nonempty for
d=12,....

Theorem 1 probably remains true if the class B, is replaced by the class B, of
polyhedrons with at most # faces or by the class € of ellipsoids contained in U*,
But Theorem 1 is not true for the class of convex subsets of U* when k& > 1:

Theorem 2. Suppose k > 1. There is a sequence X;, X, ... in U* such that for
every p in 0 < p < 1, there is a convex set S in U* with W(S) = p and with
ES) <}

The fairly easy proof of Theorem 2 is given in the last section and is
independent of the rest of the paper. The proof of Theorem 1 is unfortunately
rather long. It would be desirable to have a simpler proof.

2. Preliminaries. Every interval is of one of the following four types: (i)
alx<B)aLx<B, (i)a<x<pB (iv) a < x < B. Now for a box
B = I, X - -+ X I, each interval I; is of one of four possible types, and hence we
have 4* types of boxes. There are 4 types of t-tuples of boxes B, ..., B,, and
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hence there is a finite number of types of elements of B,. It clearly will suffice to
prove Theorem 1 for each subclass of B, whose elements are-of a given type. For
the sake of simplicity we shall only deal with the type where each interval I used
in the definition of boxes is of the type a < x < . Denote such an interval by
1o, B).

For 1 < i < k, let B;(a) be the set of points x in Uf with @ < x; < 1, and for
k + 1 < i < 2k, let B;(a) be the box of points x in U* with 0 < x,_;, < a. For
o, ...,aywith0 <o < 1(j = 1,...,2k), put

B(a,,...,azk) = B(a,) n---N B(az,‘).

Then B(qy, . . . , a3 ) is a box, and every box of the type described above may be
written as I[a,,ak,q) Xeee X I[ak,az,‘) = B(a., cee ,az,(). For )y ooey Oy with
0<a<1(=1,...,2kt), put

A(al,...,am) = B(a,,...,azk) U B(au“,...,a.,k) U

U B(az,‘(,_lm, cee ,aw).

Then A(ay, . . . , a1, ) is in B,, and every element of B, of the type described above
is a set A(ay, ... 00).

It will be convenient to write 2kt =m, a = (a;,...,05,) and A(a)
= A(ay,...,0). Also put u(a) = p(A(a)). The vectors a will be restricted to
the closed cube C in R" defined by 0 < o; < 1(i = 1,...,m).

We shall call a finite or infinite sequence of real numbers aV, a®@, ...
monotonic of the type < if oV < a® < ..., monotonic of the type = if
al) = a@ = _, ., and monotonic of the type > if a® > a@ > ..., Every
infinite sequence of real numbers contains an infinite monotonic subsequence. A
finite or infinite sequence of vectors a® = (o, ...,ad), a® = (af?,...,a?),
... will be called monotonic of the type (4, ...,u,) where each u, is either <
or = or >, if for 1 < h < m, the sequence a{P, af), ... is monotonic of the
type Up.

Given subsets A, A’ of U¥, the symmetric difference

ATA
is the set of elements x which lie in A but not in A’, or in A’ but not in A.

Lemma 1. Suppose aV, a®@, ... is a monotonic sequence of vectors in C. Then
no point x of U lies in more than m = 2kt of the sets A(a®)"A(a®),A(a®)"
Ala®), ... .

Proof. A(a) = A(ay, ..., ay,) is formed as a union and intersection of the 2kt
sets Bi(a;405)(1 < i < 2k,0 <j < t—1). Therefore if for every i, j with
1 <i< 2, 0<j<t—1, the point x behaves the same way with respect to
B;(a;.2;) and B,(a/,2;), i.e. lies in both or in neither of them, then x lies in either
both A(a) and A(a’) orin neither of them. Hence if x € A(a) "~ A(a’), then there
are i, j with 1 <i <2k 0<j<t—1, such that x € Bi(a,+w)ABi(a,f+w).
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Thus to prove Lemma 1, it will suffice to show that for fixed i, j, a point x lies in
at most one of the sets

(4) B; (al('ll-)zkj) . B; (a:g-)ij)’ B; (al(i)ZIq) . B; (ag-)lkj), e .

But B;(a) decreases with a if 1 < i < k, and it increases with a if Kk + 1 < i
< 2k. The sequence &;45;,", &4, ... is monotonic. Hence the sequence of
sets B;(c;42/"), Bi(a;424®), ... is either increasing or decreasing (in the weak
sense). Therefore x can lie in at most one of the sets (4).

The property enunciated in Lemma 1, together with the continuity of u(a), are
the only properties of the sets A(a) which we shall need. It would be easy to
construct other parameter families of sets with these properties, and hence other
families of sets for which Theorem 1 holds.

3. Directed systems. Let (i;,...,i;) and (i{,...,i}) be d-tuples of positive
integers. We shall write

Grseresriy) < (e nia)

ifi] = i;, ceey l:’_| = if_l and1}< i}.

We are going to define directed systems of real numbers. A directed system of
order 0 consists of a single real number a in 0 < a < 1. A directed system of
order 1 is a finite monotonic sequence of reals a(l), a2), ..., a(/) with I > 1
terms in 0 < & < 1. Thus a directed system of order 1 is of some type (1) where
u may be <, = or >. For arbitrary d > 1, a directed system of order d is of
some type (i, . . .,u,), where each u; may be <, = or >, and consists of integers
Ly ..., 1; greater than 1 and of real numbers a(i,...,iy) (1 < i <4,...,
1 <i;<1l)intheinterval0 < a < l,suchthatif 1 < i, i1 <4,...,1 <y,
ig < ljand (i, ...,i) <;(if,...,iy), then

a(i.,...,id)uja(ii,...,i:,).

For example, in a directed system of the type (<,..., <), the numbers
a(i, . ..,iz) are ordered lexicographically.

Lemma 2. Suppose there exists a directed system of the type (uy,...,u._,,
=,Ujspseees uy) where j < d. Then the symbols Uisls « -+ » Ugare all the = sign, i.e.
the type is (Uyy ... Ui )y =1..., =).

Proof. Let a(iy,...,i;) belong to a directed system of the type (u,...,%_,
=,Ujs15..o4g). Then a(l, ..., 1, Lijyy,oensig) = a(l,.00, 1,204, ..., i) for
any numbers 1 < iy, ij4q < bipgyeees 1 <y, iy < Iy Hence the [y ...0
numbers a(l, ..., Lig,..00d) With 1 < iy < lyyyenn, 1 < iy <y are all
equal, and the symbols u;,,, ..., u; must be the = sign.

Next, we define directed systems of vectors a. A directed system of order zero
consists of a single vector a in the cube C. A directed system of order d where
d > 1is of some type (u3)(1 < i < d,1 < h < m), where each u,, is either <
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or = or >, and consists of integers /, ..., [; greater than 1 and of vectors
alipy ... i) 1 <4 <4,...,1 iy <) such that foreach hin1 < h < m,
the coordinates a, (i, ...,i))(1 < § < 4,...,1 < iy <) form a directed sys-
tem of reals of the type (uy, . ..,uz). That is, we have

a,,(i,,...,id)uj,,a,,(ii,...,i,’,)
if 1 S il’ l; S 1], cesy 1 S id’ l;s Idand(il,...,i,,)<j(ii,...,i,',).

4. A proposition which implies Theorem 1. By a range we shall understand a
finite set of consecutive positive integers. Thus a range N will consist of integers
a+1,a+2,...,bwhere 0 < a < b. The number |N| = b — a will be called
the length of the range, so that a range of length / contains exactly / integers. Now
let f{n) be a function defined on the positive integers, and let N be a range. We
put

©) fHN) = maxf(n), (V) = mig f(n),
and
©) fAN) =f*(N) = f~(N).
For a in C, write
) f(n,a) = nu(e) — Z(n, A(a)).

The meaning of the notations f*(N, a), f~(N,a) and f*(N, a) is then obvious.
Given a subset S of the cube C, write M(S) for the set of numbers p = p(a)
with @« € S. For any set M of real numbers, put M©® = M.

Proposition.(}) Suppose d > 0 and S is a subset of C such that (M(S))®

contains a number p in 0 < p < 1. Suppose € > 0. Then there is
(i) a positive integer r,

(ii) a directed system of vectors a(iy,...,i;)(1 < i; < L) of order d with
a(iy,...,i;) € Sand 0 < pla(iy,...,iz)) < 1,and

(iii) there are neighborhoods(*)N(iy, . .. ,i;) of the numbers u(a(i 10 =+ »1d)), With
the following property:

If N is a range with |N| > r, and if

Bli,...,iz) (A <i<h,....,1 <3<

is a directed system with w(B(i,, . . .,iz)) € N(,...,i;), but not necessarily of the
same type as the directed system aiy, . . . ,i;), then

o i 1 1
@) ...l D FEWNBG i) > Fd+ D+
=1 ig=1
(3) This proposition corresponds to the proposition in [3]. Also, Lemmas 3, 7 of the present paper
correspond, respectively, to Lemmas 5, 4 of [3].
(9) By a neighborhood of a real number p we understand an open interval containing .
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It might be in order to clarify the meaning of the proposition when d = 0. In
this case the directed system consists of a single vector @ € S. The hypothesis
implies only that there is an @ € S with 0 < p(a) < 1. Hence this case may be
restated as follows.

Case d = 0 of the proposition. Suppose a € C with 0 < pla) < 1, and suppose
€ > 0. Then there exists an integer r and a neighborhood N of w(a) such that for
every range N with |N| > r and every B with p(B) € N, we have

. 1,1
f (N’B)Zz+ﬁ_e°

The proof of the proposition will be postponed until later. At present we are
going to show that the proposition implies Theorem 1. We have to show that
(M,(x))@ is empty if d > 8« > 0. It will suffice to show that (M,(k))“’ contains
no element p with 0 < p < 1if d > 8k — 1. Put differently, it will be enough to
show that if (M,(x))’ contains an element g with 0 < p < 1, then

) k> 3d+1).

By what we said in §2, we may restrict ourselves to sets of B, of the type A(a)
with @ € C. Thus if M,(k) is the set of numbers p = p(a) with E(A(a)) < k, we
have to show that (9) holds if there is a p € (M(x))® with 0 < p < 1. Let S(k)
consist of the vectors a with E(A(a)) < «. Then M,(k) = M(S(x)). If (M,(x))®
= (M(S(x)))“ contains an element p with 0 < p < 1, we apply the proposition
with ¢ = 1/12, with a range N having |N| > r, and with B(;, . ..,i;) = a(i,...,
iy) (or with B = a if d = 0), and we see that there is a B € S(k) with
F*(N.B) > §(d +1).
Hence either |f*(N,B)| > 4(d + 1) or |f~(N,B)| > }(d + 1), and there is an
integer n € N with |f(n,B)| > $(d + 1). Thus
D(n,A(B)) = |Z(n,A(B)) — n(B)| = |f(n,B)| 2 §(d + 1),

and E(A(B)) > §(d + 1). Since B € S(x) and E(A(B)) < &, we obtain (9).

5. An auxiliary lemma. If f(n) is a function defined on the positive integers, and
if N, N’ are ranges, put
(10) FYWV,N') = max(0,f~(N) = f*(N'),f~(N') = f*(N)).

Lemma 3. Let f(n), g(n) be defined on the positive integers, and let L, L' be
subranges of a range N. Then

FrN)+g* (V) 2 (f- gl (LL) +3(f* (D) + g* (L) + F* (L) + g*(L)).

Proof. Since both L, L’ are contained in N, we have f*(N) > max(f*(L),
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f*(L’)) and g*(N) > max(g*(L),g*(L")), so that the lemma is certainly true if
(f - g)"(L,L") = 0. We therefore may assume without loss of generality that

(-8 (LL)=(f-g) () -(Ff—g)"(L)>0.
Then we have for every/ € L and every I’ € L/,
(11) f@) —g) - (f) - gW) 2 (f— 2V (L, L).
Let a;, by, a,, b, be integers in L with
fla) =f*),  f(b) =f"(L),
gla) = g*(L), g(b,) =g (L)

so that

(12) fay) - f(&) = f*(D),
(13) g(a;) — g(b,) = g*(L).
Similarly, choose a}, b}, @, b, in L’ with

(14) flay) = f(b)) = f*(L),
(15) g(a;) — g(by) = g*(L').

Applying (11) with / = a,, I’ = a}, we get

f(a) — 8(a)) — f(a)) + g(@) > (f— &)’ &, L).
Applying (11) with I = by, I’ = b;, we obtain

fby) — g(by) — F(B;) + g(8}) > (f— &) (L, L).
Adding these two inequalities and the four equations (12), (13), (14), (15), we
obtain
o+ @+t 2f—g) L L)+ fXL) +g* (L) +f* (L) +g* (L),

where

o = fla) —f(B), 9= glag) — g(b,),
s = fa) —f(), . = gla)) — g(by).

Since f*(N) > max(¢p;,9;) and g*(N) > max(p,,p,), the lemma follows.
The lemma will not be used until §11.

6. The case d = 0 of the proposition. Write ||£|| for the distance from a real
number £ to the nearest integer. Suppose u = p(a) lies in the open interval
0 < p < 1. Then there is a positive integer g such that ||pgl| > }. This follows
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from Kronecker’s theorem if p is irrational, and is easily proved if y is rational,
the worst case being when p = } or 4. Choose a neighborhood N of p such that
|w — u| < ¢/q for every ' € N. Then for every B with u(B) € N,

I(B)gll >} — .

Nowputr=gqg+ 1l,and let N={a + l,a+ 2,...,b} be a range of length
|N| > r. Then there are two integers n, " in N, eg. n=a+1 and n’
= g + 1 + g, such that

llnu(B) — w'u(B)| > § — &

Hence

|f(n',B) — f(n,B)l = linp(B) — w'm(B)I| >} — &,

and in the notation of (6) we have

1 1, 1
* e p = o4
‘ f (N9B)>3 € 4+12 &.
This finishes the proof of the case d = 0 of the proposition. The proposition
in general will later be proved by induction on d.

7. Kronecker type lemmas.

Lemma 4. There are positive valued functions f,(¥o), L(V0s21)s s(VosVisVa)s <« «»
defined for nonzero yy, y1, ¥, . . . , with the following property:
Suppose 1 is a positive integer and

0<8<l, 0<I8I|<fi(£)’ 0<|82|<f2(8,8|), sy

(16)

0 < |8l| <j;(£’6h cee ,sl—l)°
Then there is a positive integer p = p(l,¢,8y, . ..,8;) such that, for every range N
with |N| > p and arbitrary a, . .., a, there is an n € N with "

@17) Gn-a}<e (@(=1,...,10).

Proof. Put f,(y,) = |y|- Suppose 0 < e < 1 and 0 < |§,| < fi(e) = &. Sup-
pose at first that 8, > 0, and put p = [1/8,] + 1, where [£] denotes the integer
part of a real number {. The numbers zp = 0,2, = 8y, ..., z,-; = [1/8;]§, lie in
0 < z < 1, and given any a there is a z; with {z; — a} < § < e. Thus there is an
nwith0 < n < p—1and {§;n — a} < & Since this holds for every a, it is easily
seen that in every range N with |N| > p, there is an n with {§, n — a} < &. The
situation is similar if §; < 0.

Now suppose !/ > 2 and f;, ..., f; have been constructed and have the
desired properties. Suppose
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(18) o < € < 1’ 0 < |8|| <fl(e)a ceey 0 < lsl—ll <ﬁ-l(€’81500-’8l—2)'
Plltp’ =p(1— l,€,8|,...,8[..1) and

(19) 5,81, ...,8) = ¢/2p'.

(Clearly, it does not matter how we define f if (18) is violated.)
Suppose

(20) 0 < I81| <f1(€,8|, e ’8I—I)'

Then 0 < |§;] < }e = fi(J¢), and by the case / = )f the lemma there is a
p” = p(1,3¢,8,) such that for every range N” with |~v | > p” and every a;, there
isan n” € N” with {§;n” — a;} < }e. Put

p=ple8,...,8)=p +p".

Now let ay, ..., a; be arbitrary, and let N be a range with |N| > p. Assume
at first that §, > 0, and let N” be the subrange of N with |N”| = p” and with its
smallest element the same as that of N. There is an n” € N” with {§;n” — a;}
< le.Let N'be therangen”, n” + 1,...,n" + p' — 1,50 that N’ C N. There is
ann € N’ with

{sin—ai}<£ (i=l,...,1_l).

Furthermore, {§;n — a;} = {8;(n — n") + §;n" — o} = §(n — n") + {§;n” — a;}
< 8,p' + e < e by (19) and (20). Hence (17) holds fori = 1, ..., I

The situation is analogous if §; < 0. In this case we let the largest element of
N” coincide with that of N.

Lemma S. Suppose | is a positive integer and suppose €, §,, . . ., 8, satisfy (16). Let
p = p(l,&8,,...,8) be the number p of Lemma 4. There are neighborhoods D, of
&5 ..., Dy of 8 (which may depend on l, &, 8y, . .., 8) with the following property:

Suppose N, N’ are ranges with lengths |N| > p,|N’| > p. Supposen, € Dy, ...,
7 € D,. Then there are integersn € N, n' € N’ such that

1 lnm; = nmill >3—-¢  (=1,...,0).
Proof. Choose the neighborhood D; of §; so small that

@) plm — 8] < e

foreveryn;, € D,(i = 1,...,/). Now if N, N’ are ranges with |[N| > p,|N’| > p,
pick n’ arbitrary in N’ and let n, be the smallest element in N.
Suppose 3 € Dy, ..., n; € D, are given. Put

o=@ —n)n+md+i-te (=1..,0).
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By Lemma 4 there is an n € N with ny < n < ny + p — 1 and with {n§; — o}
<e(i=1,...,1). This is the same as
b —de < (nd; — (0" — mo)m; — mp8} <} + de.

Now

ny, — n'y; = nd; — (W — ng)n; — myd; + (n — ng)(m; — 8,),

and since |n — ny| < p and since »; in D; satisfies (22) and hence |n — ny||n; — &
< le, we obtain } — & < {nn, — n'n;} <} + ¢, which is equivalent to (21).
We shall say that a function g(n) is of the type m, where 7 is a real number, if

{gr+1)-gl)-n}=0 (r=12...)

If N, N’ are ranges of positive integers, we put

23) go(N,N’) = min min |g(n) — g(n')].

This is not to be confused with the notation f¥(N, N’) of (10).

Lemma 6. Suppose I, ¢, 8,, ...,8,andpandD,, ..., D,are as in Lemma 5. Let
r be a positive integer, and assume that &, . . ., 8, satisfy the inequalities

(24) 0L I8l <e/(2) (i=1,...,1),
and in fact that every v; € D, satisfies
(25) Il < ¢/(20).

Then there is an integer p* = p*(l,&,8,,...,8;;7), such that if g, E Dy, ...,
€ D, and if g,(n), ..., g/(n) are functions of the types w, ..., 0 respectively, and
if N, N’ are ranges with |N| > p*, |N'| > p*, then there are subranges L C N,
L' © N’ with

(26) Ll =L =r
and with
@7 gP(L,L)>L-2 (i=1,...,1).

Proof. Put p* = max(p,r). Suppose 3, € D;,...,m, € D; and |N]| > p*,
|N’| > p*. By Lemma 5, there are integers n € N and n’ € N’ with (21). There
isarange LC Nwithn € Land |L| =r,andarange L’ C N’ withn’ € L’
and |L'| =r. For m € L and m’ € L’ we have |(m — n)n,| < r|n;| < le and
l(m' — n')n| < e, so that, by (21),

|gi(m) — gi(m)| > lgi(m) — g;(m)|| = |lmn; — m'n;||
= llnn; = + (m—n)ng; = (' —n)nll Sh—e—2e/2>1-2e.
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Thus (27) holds.
8. Functions f(n,a, 8). For a, B in C, put

f(n’a’B) = f(n’a) _f(n’B)
= n(u(@) — w(B)) — (Z(n,A(e)) — Z(n,A(B))).

The function f(n, a, B) is of the type n = u(a) — u(B).

Lemma 7. Suppose a,, ay,... are elements of C such that the numbers
wey), plaz), ... are all distinct and converge to a number p. with 0 < p < 1.
Suppose 0 < e < 1,I>1Lr2 1

There is a finite subsequence a(1), ..., a(2!) of @y, @, ... with 0 < p(a(j))
< 1(j=1,...,2l), and there are neighborhoods N; of W(a(j)), and there is an
integer q, with the following properties:

For any (1), ..., B(2!) with l(B(j)) € N;(j = 1,...,2I), we have

29) (B2 — 1)) — w(B2i))| < e/()  (i=1,....,]).

Furthermore, if N, N’ are ranges with |N| > q, |N’| > q, there are subranges
L CN,L C N’ with

(28)

(30) Ll =L =r
and with
(31 fOL,L,BRi—1),BRiI)>i-¢ (=1,...,10).

Proof. There is an integer j; with

0 < |ey;) — mla;+1)| < min(£(3e),/(4r)),
where f; is the function of Lemma 4. Put & = u(a;) — p(a;,1). There is a
jz > jl + 1 such that
0 < |u(e,) — e, 41)| < min(f;(3e, 8,),¢/(4r)).

Put &, = p(a,) — w(a;,+1). We continue in this manner, and choose integers
W <h+1<p<j+1<L...<j <Jji+ 1, such that the numbers

6 =wa) - wa,) @(=1..10
satisfy (16) and (24), with e replaced by &/2. Let D, = D;(/,¢/2,8;,...,8,) (i
= 1,...,1)and p* = p*(l,¢/2,8,,...,8;;r) be as in Lemma 6. Put
al)=a;,, a@)=a;, -+, a2l—-1)= o, a@2l)=a,,

so that w(a(2i — 1)) — w(a(2i)) = §,(i = 1,...,1). Choose neighborhoods N; of
wa(j))( =1,...,21) so small that p,,_, — py € D; if py_, € Ny, and py
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€ N,;. Then if (1), ..., B(2/) are vectors with u(B(j)) € N,(j = 1,...,2I),
(29) follows from the condition (25) (but with ¢/2 in place of €¢) on the
neighborhoods Dy, ..., D,

Now suppose that |N| > g, |[N’| > q where ¢ = p*(/,¢/2,8,,...,8;r). The
function g;(n) = f(n,B(2i — 1),B(2i)) is of the type w(B(2i — 1)) — u(B(2i))
= 7, say, where n; € D,(i = 1,...,/). By Lemma 6, there are ranges L C N,
L’ C N’ with (26) and (27) (but with & replaced by &/2), i.e. with (30) and (31).
This finishes the proof of Lemma 7.

Suppose again that g(n) is a function of the type n. We shall say that g has a
Jjump at n if either n = 1and g(1) #np, orif n>1and gn) —g(n—1) — 9
# 0. Recall that the function f(n,a, B) is defined in terms of a given sequence
Xis X253 000

Lemma 8. The function f(n,a,B) of the type p(a) — u(B) has a jump at n if and
only if

X, € A(a)” A(B).

Proof. f(n, a, B) has a jump at n precisely if
Z(n,A(B)) - Z(n,A(a)) — (Z(n — 1,A(B)) — Z(n — 1,A(a))) # 0.
(Here we set Z(0,A) = 0.) This holds if and only if x, € A(a) "~ A(B).

9. The construction of directed systems. Suppose the numbers a(j;, . . . ,iz) with
1<y <4,...,1 Li; < I;belong to a directed system of the type (u;, . . ., ug).
Let u be < or = or >. Put

@yl uln) = @y, ... ,usu) if u;is not =,
= (U),.0. l,U...,u) if for some k < d, the symbols
Upels - -« Ugare =, and either k = 0 or u, is not = .

We shall describe a process of constructing a directed system of order d + 1 of
the type (uf,...,uJ,u},). Let K be the set of d-tuples (iy,...,i;) with 1 < j
<h,...,1 L3 <l A subset H of K will be called a segment if (iy,...,i;)
€ H whenever (i1,...,iz) € H and (i, ...,i;) <;(i},...,iy) for some j. Let
;41 be an integer greater than 1. A partial directed system of order d + 1 on H
will mean a system of numbers a(i,, . . .,iz, iz, ) defined for (i, ...,i;) € Hand
1 < iy £ gy, such that

(a) a(il’ oo ’id’idﬂ)u;a(ii’ e ait'bi4,1+l) if (ila s ’id) € H, (',l’ LR ’l,d) EH
and (iy, ..., igign) <;j(i%,...,i4i4y) forsomejin1 <j < d+ 1

(b) a(il, een ,id,idﬂ)ufa(ii, cen ,i;) if (il’ cee 9id) (S H, (ill, ces ,l.;) e H and
Giseeerig) (i1, ... ,i5) forsomejin 1 < j < d.

In particular, if H is empty, the empty set is a partial system defined on H. If
H = K, a partial directed system on H is a directed system of order d + 1.
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Lemma 9. Suppose H is a segment, and H* the segment which consists of H and
a single further d-tuple (t,, . ..,t;). Suppose

ally, e e osigyiy, ) G, eevia) € H1 S gy < lgyy)

is a partial directed system defined on H.(°) Suppose there is a sequence
a,(ty,...,t))(s = 1,2,...) which is monotonic of the type u and tends to
alty, ... ,t;). Then if s is sufficiently large, and if we put

(32) oty enstyyi) = oyt .st)) (1 <i <),
then the numbers

aliy, v esigyign)  (Gis--o0ig) € H* 1 < igyy < lgn)
are a partial directed system defined on H*.

Proof. The condition (a) is satisfied if (i;,...,#), (i{,...,i3) € H. In order
that it also be satisfied for H*, we have to satisfy the following two conditions.

(a?) a(il, cese ,l'd,lb.,.])u;a(tl, .o .,td,i‘,“.x) if (i], .o "id) ?(tl’ .e "td)

forsomejinl <j<d.

(a) alty, ooty ige)ugnalty, oo ytyiy) if gy <y

Since (1), ...,%;) is the only new element in H*, (b) will be satisfied for H* if
(*) altis. .. taig)utaliy, ... i) whenever (4,...,1,) f(ii, ceusigh

Now since a,(t,...,2;)(s = 1,2,...) is monotonic of the type u = uj,,, the
condition (a}) will be satisfied if a(t, ...,#,,i) is given by (32), no matter how
we choose s;.

Now suppose that 1 < j < d and uf* is not =. Suppose (i, .. .,iz) </(f;,...,
t,). Since (i, ...,iz) is in H and (1, ...,t,;) is not in H, we have a(i,...,is,
iz a(ty, . .., 1) by the hypothesis (b). Since a,(f;, ..., %) (s = 1,2,...) tends
toa(t,...,t,), (al) will be satisfied if s, in (32) is sufficiently large. Next, suppose
that 1 <j < d and u is =. Then also u; and u are =. Suppose (i, ...,is)
<j(tl’ ceey td)' Then a(il, coe ’id9 id-H) = C((tl, cessy td) by (b). Since a,(tl, cee ’td)
= a(t),...,45)(s = 1,2,...), (af) will certainly be true. Thus (aj') can always be
satisfied.

Now suppose that 1 < j < d and u; is not =. Then u}* equals ; and is not =.
Since a(ij,...,i;) is a directed system of the type (u,...,u;), we have
altyy st ut alily e nsit) B (G eensts) <1, nenriy). Since ay(f,...,t)(s
= 1,2,...) tends to a(t;, . . ., £;), (b*) will be true if 5, in (32) is sufficiently large.
Finally, suppose that 1 < j < d and u; is =. Then ' is . Since a(iy, .. .,i;) is

(5) This part of the hypothesis does not apply if H is empty. Obvious changes have to be made
in the proof in this case.
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a directed system of the type (i, .. .,u,), we have a(t,, ..., %) = a(it,...,i}) if
(s ... 2) <;(i1,...,i7). Since ay(t;,...,t;) is monotonic of the type u and
tends to a(ty, . . ., %), we have a(ty, .. ., by, igyy ) ualty, ..., 2) = a(it,...,i5), ie.
alty, ...ty ige) uf a(i, ..., i) Thus (b*) will be satisfied.

This finishes the proof of Lemma 9. It is clear that by using an inductive
argument and using Lemma 9 at each step, we can gradually build up a directed
system of order d + 1 of the type (u,...,u},)-

Now suppose that a(i),...,i;)) with 1 < i <}, ..., 1 < iy < l;is a directed
system of vectors of the type (#;)(1 <i<d1<h<m.Letu,...,u,be
symbols <, = or >. Foreach hin 1 < h < m, put

(s -« s U tdrn) = Qs o o s ug,uy) if ug, is not =,
= (llu,, ceesUp nsUps oo ,u,,) if Uk w1,hs o« o s Ugp ATE =,
and if either k, = 0 or & is not = .
We shall indicate a process to construct a directed system of vectors of order
d + 1 of the type (u})(1 < i < d+ 1,1 < m < h). A partial directed system of
vectors of order d + 1 on a segment H is defined in the obvious way.

Lemma 10. Suppose H is a segment and H* is the segment consisting of H and of
a single further d-tuple (1,, . . ., t;). Suppose

iy, evosigign)  ((hyeeesig) € Hl Sigy < lgyy)

is a partial directed system defined on H.(S) Suppose there is a sequence of vectors
a,(t),...,t))(s = 1,2,...) which converges to a(t,, . . ., 1;), and which is monoton-
ic of the type (uy, . . . ,uy,). Then if s is sufficiently large, and if we put

(33) a(t,, s ,td,i) = a,o.,.,(t,, s ’td) (1 S i S Id.”),

then the vectors

aliy, . sigign) (.. 050) € H* 1 < igy < lgyy)
are a partial directed system defined on H*.

Proof. We may use induction on the number m of components of our vectors,
and use Lemma 9 at each step of the induction.

10. Inductive proof of the proposition. Let S be a subset of the cube C. A vector
a will be called a limit point of S if there is a sequence ay, a;, ... of elements of
S which converge to a and which have distinct values p(e;), p(a;), ... . (This
condition is more restrictive than the usual condition that a;, a;, ... be distinct.)
Let SO be the set of limit points of S. Since p(a) is a continuous function of a,
it is clear that M(SM) € MW)(S). Conversely, if p € MN(S), there are distinct
elements y = wey), b, = p(ay), ... of M(S) with a;, @, ... in S and with

(¢) See the footnote to Lemma 9.
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i — p. There is a convergent subsequence of o, @y, ... ; let us denote the limit
of this subsequence by a. Then @ € S® and p = u(a), so that p € M(SW),
Hence

(34) MO(S) = M(SW).

Every sequence a;, a, ... has a subsequence which is monotonic of some
type (u,...,u,). If the numbers p(a;), p(a;), ... are all distinct, this type
cannot be (=,..., =). Hence if S®(w,...,u,) consists of the elements
a € SO for which there is a monotonic sequence a;, @;, ... in S of the type
(4, ...,u,) which tends to a and has distinct u(e,), (), ..., then SO is the
union of the 3™ — 1 sets SO (i, . ..,u,) with (4, ...,u,) not (=,..., =).

Now assume that d > 0 and that M@+)(S) contains an element p with
0 < p < 1. By (34) we have M@+D(S) = M@(SM), so that u lies in one of the
3" — 1 sets MO(SW(w,...,u,)) with (4,...,u,) not (=,..., =). Suppose
(u,...,u,) is a particular m-tuple with

pE MOESV(y,...,u,)).

We now assume the truth of the proposition for our particular value of d and
apply it to SO(u,,...,u,). There is an integer r = r@), a directed system
aliy,...,i;) with elements in S®(w,...u,), and there are neighborhoods
N(i,...,i;) with the properties enunciated in the proposition. Suppose this
directed system

ali,eoniy)  (A<i<h 0,1 <<

is of the type (u;)(1 <i<d1 <h<m). Construct (u})(1 <i<d+1,1
< h < m) as in §9. The goal of the present section is a proof of the following

Lemma 11. Suppose I;,, = 21 > 0, r > 0, € > 0. There is a directed system

aliyyeesipignn) (AL < hyeonsl gy < )

of the type (u3)(1 < i <d+ 1,1 < h < m), all of whose vectors a lie in S and
have 0 <u(a) <1, and there are neighborhoods N(i,, ", i, ) of w(eliy, ", ig44))s
such that

(35) NGis...sigpign) © NGs..osi)) (A Li < byl Lign £ lgn):
AISO, lfB € N(il,...,id,Zj— l), ﬁ' (S N(il,...id,Zj) with 1 S il S Il’ coey 1
iy < lyand with 1 < j < [, then

(36) Iu(B) — p(B)| < e/4r.

Finally, there is an integer p such that if N, N’ are ranges with |N| > p, |[N’| > p,
and ifvectors B(il’ e ’id’ id+|) have [L(B(i], eee 1id+|)) € N(il, cee ,id+|)f0" 1 S il
<bh,...,1 <y < Uy, then there are subranges L € N, L' C N’ with
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@37 |L| = |L|=r
and with

(38)fD(L’L,’B(il’""id92j - l)’B(ih---sid’zj)) > i —¢&
<y <h,. o, 1S <1 <5<

We shall prove this lemma by constructing partial directed systems of order
d + 1 defined on segments, and by gradually increasing these segments.

Lemma 12. Suppose l;,, = 21 > 0, v > 0, ¢ > 0. Let H be a nonempty segment.
There is a partial directed system

ali,..osigign)  (lhs.oesia) € Hy1 L igyy < lgyy)

of the type (u},) with all the vectors a in S and satisfying 0 < p(a) < 1, and there
are neighborhoods N(iy, . . . ,iz,ize)) of plaiy, . .. iz i), defined for (iy, . ..,iy)
€ H, 1 S id+l S Id+l’ such that A

(39) N(il’ s ’id’id+l) c N(ih oo sid) ((il’ e ’id) € H’ 1 S id+l S Id+l)a
and such that

(40) |u(B) — () < ¢/4v

if BE€N@,...,izp2ji— 1), B € N@iy»...,iz2j) for some (iy,...,i;) € H, 1
<Jj <l There is an integer p = p(H) such that if N, N’ are ranges with
IN| > p(H), |N'| > p(H), and if B(irs .- siasiasr) € NGy rignizer) (Gseees
i) € H,1 < iz < ly41), then there are subranges L C N, L' C N’ with

“n |L| = || = v

and with

(42)fD(L’L’9B(iI"o-9id,2j - 1)’B(il’unid92j)) > %_ €
((ila---’id) € H9l S.’ S I)’

The case when H = K, the set of all d-tuples (j;, . . .,i;),is Lemma 11.

Proof of Lemma 12. We shall proceed by “induction on H”. We shall assume
that H is a segment properly contained in K, and that either H is empty, or H is
nonempty and Lemma 12 is true for H. There is a unique segment H* which
consists of H and a single further d-tuple (3,, . . ., #;). We shall now prove Lemma
12 for H*. We shall tacitly assume that H is nonempty; the necessary modifica-
tions in the argument when H is empty are trivial.

Suppose a(i,, ces ,id, id+l) defined for (il’ ces ’id) € H, 1 S id+l S Id+l’ and
respective neighborhoods N(ii, . . . ,iz,iz41) and the number p = p(H) have the
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desired properties as enunciated in Lemma 12 with respect to H.

Since a(,...,2;) lies in SM(y,...,u,), there is a monotonic sequence
a(ty,...,t;)(s = 1,2,...) of the type (4, ...,u,) which tends to a(t,, ..., 1),
and is such that the numbers p(a,(t,,...,2;))(s = 1,2,...) are all distinct. We
now put r = p(H) + v and apply Lemma 7 to /,r,e and to the sequence
a;(ty, ... 1), a(tiy...52), ... . There is a finite subsequence

@3) aty, ..t ) e alty, .o tg20),

and there are neighborhoods N(#,...,2;,i) of wa(t,...,25,i))(1 < i< 2),
and there is an integer g, with the following properties. For any B(z, ..., 1),
cens Bty oo o5 25,20) with p(B(ty, ... 525,0)) € N(ty, ..o 0t5,0)(1 < i < 21), we
have

l(B(t1s -« o502 = 1)) = Bty . . ., 14, 2)))| < e/dr < e/dv
Qi

44)

Furthermore, if N, N’ are ranges with |[N| > g, |N | > g, there are subranges
N”CN NH CN/Wlth

“5) |Nul = |Nyl = r > p(H)

and with

(46) fD(NH,N;l’B(tI’---»td92j_ l)’B(tl’-Hatdazj)) >%_€ (1 Sl S I)

Now the sequence a,(t,...,2;)(s = 1,2,...) may be replaced by a subse-
quence with p(e(:*)) contained in N(t,, ", t;), and hence the sequence (43) can
be chosen so that all its measures g liein N(z,,°**,?;). The neighborhoods
N(ty,***,t4,i) can be chosen so small that N(t,:*, 24, 1) C N(t,, *, 2y)
(1 <i<2). This, together with the “inductive” assumption (39) yields

(47) N(ils“"id’id+l) c N(ilao-nid) ((ih---aid) € H*,l S ';,1+| S Id+l)'

The “inductive” assumption (40) for H together with (44) gives a condition like
(40) for H*. Lemma 10 shows that, moreover, the sequence (43) can be chosen
so that a(i,...,iziz) With (i,...,i;) € H*, 1 < iz < Iy, is a partial
directed system on H*.

Now  suppose  B(if,...,igiz1) © NGiy.oosigrizge)(rs... i) € H*, 1
<z < ln), [N| > g, IN’| > ¢, and suppose Ny, N} are chosen as above
with (45) and (46). By the “inductive” assumption on H, there are subranges
L C Ny, L' C Nj; with (41), (42). Since L C Ny, L' C N}, the relations (42)
together with (46) yield

fD(L’L,’B(iIN"’id’zj_ 1)9B(il’--~’id’2j)) > %_ 4 .
Gs... i) € H* 1 < igyy £ Ipy)-
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Hence Lemma 12 is true for H* with p(H*) = q.

11. Proof of the proposition completed. We saw in §10 that if M@+D(S)
contains an element p in 0 < p < 1, then p € M@ (SO (,...,u,)) for some
m-tuple (4,,...,u,). We applied the inductive hypothesis to SO (u,,...,u,).
There is a directed system a(ii, .. .,i;) of order d, and there are neighborhoods
Ny, . ..,i;) and an integer r = r@ with the properties stated in the proposition.
Lemma 11 asserted the existence of a directed system a(i, ... ,iy, i) of order
d + 1, and neighborhoods N(ii, . . . ,iz,iz,;) and a number p which have certain
properties in relation to the given directed system of order d.

Lemma 13. Suppose we have the same hypothesesas in Lemma 11, and let
a(iys...siger), NGiyoooyrigsy), p be as in Lemma 11. Suppose

(48) BGi,...sign) (A <i<h...,1 Sigyy < lgny)

is a directed system with

(49) (BGrs-++»ig41)) S NGisevnsigr) (A< <lhyoii,l Sigy < lpn),

but not necessarily of the same type as a(iy, . . . , iz, ). We know from Lemma 11 that
ifIN| > p, |N’| > p, then there are subranges L C N, L’ C N’ with(37) and (38).
We now claim that for every ~ (iyy...,ip) with 1 < iy < b, ..., 1 < iy < I, we
have

(50) j_élfv(L’L'sp(ih .. -sid’zj - l)’B(ib .o -,id,Zj)) > I(i - 25) = 2mr.

Proof. Throughout, we keep i, ..., i; fixed. Since (48) is a directed system, the
sequence B(i, ... iz i) withi = 1,2, ..., 2/ is monotonic. Hence, by Lemma 1,
a point x, can lie in at most m of the / sets

A(B(iys e vesigs2j = 1) AP .-+ 5ig,2))) G=12...,0.
It follows from Lemma 8 that at most m of the / functions
G f0BG, . rin2i = DG, in2]) (G =12,...,0)

can have a jump at n. Hence in view of (37), at most 2mr of these functions can
have ajump atanyn € Loranyn’ € L. It will suffice to show that if a function
(51) has no jump in L or in L', then this function satisfies

(52) fv(L’L,aB(ih“ °9id’2j - 1)’B(ilvouaid’2j)) > % = 2.

Suppose ny € L, ny € L'. By (38), the values of our function (51) at n = n,
and at n = ny differ by at least } — e. Without loss of generality we may assume
that
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S g, BGs « - - 584, 2 — 1), B0 - - - 5 12:2]))
= (0 B> - - - 50,2 — 1), (s - - - 00 2/)) >} —e.
Now f(n,B(iys...sizs2j — 1), Blyy...,iz,2j))is of the type p(Bl,...,iz2j
- 1)) — w(BGys...»iz,2j)) and has no jump in L. Hence for every n € L,
| £ BC. .., 2) = 1), (..., 2/)) — f(no, B(. .., 2/ — 1), B(....., 2)))|
= |n — no| |(B(. .., 2/ — 1)) — p(B(...,2/))|
< r(e/ar) = ¢/4,

by virtue of (36) and (49). A similar inequality holds for every n’ € L, and hence
we have for everyn € L and everyn’ € L,

Fm,B(....2 = 1),B(...,2)) = f(,B(...,2 — 1), B(...,2)))
>i-e-2e/4>4- 2.
Therefore (52) holds, and Lemma 13 is true.

The proof of the proposition is now completed as follows. In Lemma 11 and
in Lemma 13, the number / is still at our disposal. We now choose it so large that
le > 2mr. Then the right-hand side of (50) may be replaced by /(} — 3¢). Since
f(n,a,B) = f(n,@) — f(n, B), we may rewrite (50) as

[
3 (F(-o Bl sinn2 = 1) = (oo s Bty - o5 2))) (L, L)
¢63) !
> (3 - 3e).

For every directed system B(, . ..,i;,,) with (49) and every pair N, N’ with
IN| > p, IN’| > p, there are subranges L € N, L' C N’ with |L| = |L'| =r
and with (53) for arbitrary i, ..., i, In particular, in every single N with
|N| > p, there are two subranges L C N, L’ C N’ with |L| = |L’| = r and with
(53). By Lemma 3 applied to f(n) = f(n,B(Gi,...,iz»2j — 1)) and g(n) =f(n,
BGys .. .5iz2j)) we have

f‘(N;B(ih cee ’isz - l)) +f‘(N’B(il’ .. "idazj))

> (fCeesBlisereriann2i = D) = (oo s Blis oo s 20 (L, L)
+3(* (LBl - - -5 8g52) = 1) + f*(L,BGys - - - 54, 2))
+f‘(L'9B(il’ e ,id,2j - l)) +f’(L"ﬁ(il’ L aidazj)))-
We now take the sum overj = 1, 2, ..., I and use (53) to obtain

lgnr
S SOBG - sinian) > 1(% - 38)

g =

Iy
43,3 U B sianian)) + 1 LBl s larian))

el ™
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This holds for arbitrary 4,...,i;with 1 < § < 4,..., 1 < iy < Il We now
take the sum over all d-tuples (ij, . ..,i;) and divide by }; ... L1, = 24 ... 1,1
We obtain

-1 g ' *(N. B( i l_g
Goolgn)” 2 2 fUNBG -5 ian))> 5 58
=1 igr=1

lgsy | U]
i 8 (300 3 S OB i)

[/
ae1=1 -

+*(L,BG, ... ,idﬂ))))

b 3eria 26,0
=—— e+ z( X
4 2 d+1 ide=1 d+1
say. Now for fixed izyy, B(iys ... sigigy) Withl1 <4 <4, ..., 1 < iy <l isa
directed system of order d. We have

“'(B(ihou’id’idﬂ)) € N(il’ooﬂilaid-kl) c N(il’”"id)

by (35), (49), and both L, L’ have length r = r@), Hence by our inductive
assumption, i.e. by the case 4 of the proposition, we have

. 1 1
2(ig1) 2 z(d +D+3 e
whence

b linr
G (hoolen)™ 2 oe S P WBGs o siian) > 3@+ 2) + 35— Fe.

=1 ige1=
This holds for every range N with |[N| > p = r@*)(5¢/2), say. The whole
construction could be carried out with 2¢/5 in place of ¢, and then our inequality
(54) would become (8) with 4 + 1 in place of 4.

This finishes our inductive proof of the proposition.

12. Proof of Theorem 2. It is easily seen that the general case of Theorem 2
follows from the 2-dimensional case, so that we may restrict ourselves to this
case.

Pick numbers ; > #, > ... with

(55) 0<t]<l/(8./) (j=l’2’"-)’

and let x; = (x;,,) be the point (1 — cos #,sin #;). Then the points x,, X3, ...
lie on the circle (x — 1) + y2 = 1, and they satisfy

(56) VEE+yH) <VY&) (=12...).

Forevery pin 0 < p < 1, we are going to construct sets F(n,p)(n = 1,2,...)
as follows. If p < 4, let F(1, 1) be empty, and if u > 4, let F(1, ) consist of x,.
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Then always

G7) [F(L, p)l-pl < 4,

where |F| denotes the number of elements of a finite set F. Now suppose F(n, )
has already been chosen and is a subset of {x,,...,X,} with

(58) | IF(n, ) |—np| < 4.

Then —(3/2) < [F(n, p)| — (n + Dp < 4§, so that either | [F(n, p)|-(n + Dpu| < }
or ||[F(n,p)|+1 — (n + Dp| < ). If the first inequality holds, put F(n + 1,p)
= F(n, p); otherwise let F(n + 1,p) consist of F(n,p) and of x,,,. In either case
we have ||[F(n + 1,p)|—(n + 1)u| < 1. Continuing in this way we obtain sets
F(1,p), F(2,p), ... which satisfy (58) forn = 1,2, ....

Let G, (1) be the convex hull of the sets F(1,1), F(2, 1), ... . Then G,(g) is the
convex hull of certain points among x,, X,, ... . If g = 0, the sets F(n, p) are
empty, and hence so is G,(). If 0 < pu < 4, put ny = [1/(3p)] and apply (58)
with n = ng. Since nop < 4, we obtain [F(ny,p)| = 0, and hence x,, ..., X,,
do not lie in G;(u). Thus G,(u) is the convex hull of certain points among
Xpg+15 Xny425 - - - » and in view of (56) we obtain

WG)) < 50/ + D) < (&)W <k

If }<u<1, we have wG,(n)) < 7/4—-1/2<1/3 < p. Hence always
G () < p

If 0 < u < 4, let G,(i) be the convex hull of F(1,u), F(2,1), ... and of the
triangle 0 < x < LO <y < 1L,y < x.If p = 1, let G,(r) be U2 In these cases
we have p(G,(p)) > p. If § < p < 1, we have x, € F(l,p) by (57), and there is
a smallest integer n, such that x,, ,; & F(m + 1, ). In this case let G;(u) be the
convex hull of F(1,u), F(2,p), ... and the open quadrilateral with vertices
(1,0), (1, 1), x,,,, x*, where x* = (x*, 1) is the intersection of the line y = 1 and
the tangent to the circle (x — 1)* + y> = 1 at x,,. The quadrilateral contains the
open rectangle with vertices (x*,y,), (1,5,), (x*,1), (1,1) of area (1 —x*)
(1=Yn)= (=) =x)A =y)>1-2, >1-2t,. Since x,,...,
X,, are in F(m + 1,p), but x,, ,; is not, (58) yields [n — (n, + 1)p| <}, whence
n 2 (p—1)/(1 - p), whence, by (55),

MG, > 1 = 2, > 1= (Ufdn,) >

344z u if 12 <u<3/4,
1-Q-pw=p if 34<u<l.

Since G, (1), G,(r) are convex sets with p(G; (1)) < p < w(G,(n)), there is a
convex set S(u) with G;(z) € S(n) € G,(1) and with p(S(x)) = p. The set S()
lies in U?, since G, (i) does. The intersection of G () with {x,, . ..,x,} is F(n, p),
and the intersection of G,(n) with {x;,...,x,} is F(z,p), so that also the
intersection of S(p) with {x,,...,x,} is F(n, ). Therefore, by (58),



22 W. M. SCHMIDT

D(n,S(n)) = 1Z(n,S(u)) — nuS@))| = |[F(m,p)|-np| <}

for n=1,2,..., so that E(S(z)) < }. Since p was arbitrary in 0 < p < 1,
Theorem 2 is proved.
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